Gravitation & Cosmology, Vol.1 (1995), No.1, pp.1-11
© 1995 Russian Gravitational Society

CANONICAL QUANTIZATION OF N=1 SUPERGRAVITY
WITH SUPERMATTER: THE GENERAL CASE AND A FRW MODEL

A.D.Y.Cheng, P.D.D’Eath and P.R.L.V.Moniz

Department of Applied Mathematics and Theoretical Physics,
University of Cambridge, Silver Street, Cambridge CB3 9EW, UK*

Received 18 August 1994

The general theory of N = 1 supergravity with supermatter using a canonical approach is described. The super-
symmetry and gauge constraint generators are presented. The framework is applied to the study of a Friedmann
minisuperspace model. We consider a Friedmann k = +1 geometry and a family of spin-0 as well as spin-1 gauge
fields together with their odd (anti-commuting) spin-1/2 partners. When both the spin-1 field and its fermionic
partner are set equal to zero, the physical states of our simplified model correspond effectively to those of a mini-
superspace quantum cosmological model possessing N=4 local supersymmetry coupled to complex scalars with
spin-1/2 partners. The different supermatter models correspond to different Kéhler metrics. For the cases of spheri-
cally symmetric and flat Kahler geometries the general solution for the quantum state have a simple form. However,
although they allow a Hartle-Hawking solution, they do not permit a wormhole state.
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I. Introduction

In the last ten years or so, the subjects of supersym-
metric quantum gravity and cosmology have achieved
a considerable number of very interesting results and
conclusions. Several approaches may be found in the
literature, namely the triad ADM canonical formula-
tion [1-13], the c—model supersymmetric extension
in quantum cosmology [14-16] and another approach
based on Ashtekar variables [17-20]. A detailed review
on this subject is currently in preparation [21].

The canonical formulation framework of N=1 (pure)
supergravity was presented in Ref. [1]. It can be
shown that it is sufficient, in finding a physical state,
to solve the Lorentz and supersymmetry constraints
of the theory because the algebra of constraints of the
theory leads to anti-commutation relations implying
that a physical wave functional ¥ will also obey the
Hamiltonian constraints [1,22].

Using the triad ADM canonical formulation, the
Bianchi-I model in N=1 supergravity with no cos-
mological constant (A=0) was considered in Ref. [2]
and the quantum states are in the bosonic and filled
fermionic sectors and are of the form exp(—1h~%/2),
where h = det h;; is the determinant of the three-
metric [10]. In the case of Bianchi IX with A = 0,
there are two states, of the form exp(+I/h) where I
is a certain Euclidean action, one in the empty and
one in the filled fermionic sector [3,15]. When the
usual choice of spinors constant in the standard ba-
sis is made for the gravitino field, the bosonic state
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exp(—I/h) is the wormhole state [3,24]. With a dif-
ferent choice, one obtains the Hartle-Hawking state
[23,25]. Similar states were found for N = 1 super-
gravity in the more general Bianchi models of class
A [26]. [Supersymmetry (as well as other considera-
tions) forbids mini-superspace models of class B.] The
extension of this analysis to the simple case where a
cosmological constant is present in N=1 supergravity
is described in Refs.[8-10]. It was found by impos-
ing the supersymmetry and Lorentz constraints that
there are then no physical states in the models we have
considered. Regarding the k=1 Friedmann-Robertson-
Walker model, where the fermionic degrees of freedom
of the gravitino field are very restricted, we have found
a bosonic quantum physical state, namely the Hartle-
Hawking state for a De Sitter solution. If one studies
generic cosmological models using perturbation the-
ory about the k = +1 Friedmann model, it seems that
the gravitational and gravitino modes that are allowed
to be excited in a supersymmetric Bianchi-IX model
contribute in such a way as to forbid any physical so-
lutions of the quantum constraints. This suggests that
in a complete perturbation expansion we would have
to conclude that the full theory of N=1 supergravity
with a non-zero cosmological constant should have no
physical states.

One would like to extend this understanding to
more general supergravity models involving lower-spin
fields. One possibility is to consider higher-N gauged
supergravity models [34], but these are technically dif-
ficult in the approach used in [11] because they contain



a A-term which breaks chirality. Instead, we study
here the model of N=1 supergravity coupled to su-
permatter [27], and in particular its supersymmetry
constraints, especially in the case with zero analytic
potential P(®7). Such a study was performed in [13]
for the case of N=1 supergravity coupled to supermat-
ter [27].

The study of 1-dimensional mini-superspace mo-
dels with local supersymmetry, based on this, leads
to further understanding of quantum cosmology and
gravity. Clearly, a richer and more interesting class of
minisuperspace models is given by coupling supermat-
ter to N=1 supergravity in 4 dimensions, and then re-
ducing the model to 1 dimension by making a suitable
homogeneous Ansatz [4-7]. In particular, from (1+3)
dimensional N=1 supergravity a dimensional reduc-
tion allows one to obtain a (1+0)-dimensional theory
with N=4 supersymmetry.

In Refs.[4-7] an Ansatz for the gravitational and
spin-3/2 fields was introduced in order to reduce pure
N=1 supergravity in 4 dimensions to a locally super-
symmetric quantum cosmological model in 1 dimen-
sion, assuming a Friedmann k& = +1 geometry and
homogeneity of the spin-3/2 field on the S spatial
sections. The Hamiltonian structure of the resulting
theory was found, leading to the quantum constraint
equations. The general solution to the quantum con-
straints is very simple in this case, and the Hartle—
Hawking wave-function can be found. A more general
model was also studied, in which N=1 supergravity is
coupled to locally supersymmetric matter, there taken
to be a massive complex scalar with spin-1/2 partner.
In the massless case, the general solution of the quan-
tum constraints can be found as an integral expression,
including a ground quantum wormbhole state [6].

Here we describe the extension of mini-superspace
quantum cosmological models when N=1 supergravity
is coupled to locally supersymmetric matter [4-7,13].
We consider the more general supergravity theory with
a Friedmann k=+1 geometry and a family of spin-0
as well as spin-1 gauge fields together with their odd
(anti-commuting) spin-1 partners [13]. The general
such theory is described in detail in Ref.[27] (the mi-
nisuperspace models with supermatter described in
Refs.[4-7] followed a four-dimensional model of Das
et al [28]). Our Ansitze for the fields are such as to
reduce the N=1 supergravity plus supermatter in 4
dimensions [13,27] to a locally supersymmetric N=4
FRW quantum cosmological model in 1 dimension.
Hence, we assume a Friedmann k£ = +1 geometry,
and the other fields are chosen as to respect the ho-
mogeneity and isotropy of the S® spatial sections.
The choice made for the spin-1 field is described in
Refs.[29-31] and for the other fields the details are
given in Refs.[4,5,7]. The quantum supersymmetry
constraints give rise to a set of first-order coupled par-
tial differential equations for the components of the
wave function. As an intermediate stage in our re-
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search project, we put both the spin-1 field and its
fermionic partner equal to zero. The physical states of
our simplified model correspond effectively to those of
a mini-superspace quantum cosmological model pos-
sessing N=4 local supersymmetry coupled to complex
scalars with spin-1/2 partners. The different super-
matter models are given by specifying a Kahler metric
for the scalar fields; the allowed quantum states then
depend on the Kéhler geometries. For the cases of
spherically symmetric and flat Kahler geometries we
have found the general solution for the quantum state
with a very simple form. However, these states are
somewhat different from the ones presented in Refs.
[4-7]; although they allow a Hartle-Hawking solution,
we cannot find a wormhole state.

This paper is organized as follows. In section II
the more general theory of N=1 supergravity with su-
permatter is described using a canonical approach (see
Ref. [13]). The supersymmetry and gauge constraint
generators are also found. In section III we specify our
Ansétze for the the gravitational and spin-3/2 fields as
well as for the supermatter fields and their fermionic
partners. The supersymmetry constraints are derived
from the reduced action in section IV. In section V
we solve the quantum constraints and find a general
solution for the quantum state of the universe. We
also make some comments on the issue of determining
the operator ordering in the constraints. A discussion
and interpretation of our results is presented in sec-
tion VI, together with a summary of our research and
indications of further possibilities.

II. Canonical Formulation of N=1 Su-
pergravity with Supermatter

The Lagrangian of the more general gauged supergrav-
ity theory coupled to a family of spin-0 as well as spin-
1 fields together with their odd (anti-commuting) spin-
% partners is given in Eq. (25.12) of Ref.[27]; it is too
long to write out here. It depends on the tetrad eAA,H,
where A, A’ are two-component spinor indices using
the conventions of [1] and u is a space-time index, the

odd (anti-commuting) gravitino field (7/)’4;“7}4;), a

vector field A,(f) labelled by an index (a), its odd spin-
% partners (A%),X%)), a family of scalars (<I>I,<I>J*)

and their odd spin—% partners (X}{x, %:{1,). The indices
I,...,J*, ... are Kahler indices, and there is a Kahler
metric

917 = Kp - (2.1)
on the space of (@I, <I>J*), where K« is a shorthand
for 82K/8<I>16<I>J* with K the Kéhler potential. Each
index (a) corresponds to an independent Killing vector
field of the Kéahler geometry. Such Killing vectors are
holomorphic vector fields:

x® — xI() (q)J) 55T
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Pl -
Killing’s equation implies that there exist real scalar

functions D@ (<I>I , B! ) known as Killing potentials,
such that

X0 = xI"0) (@J*) (2.2)

J*(a) _ - a
g[J*X ()7’LWD()7
9 X1 = 4 9 p@ (2.3)
o0P7"

We shall consider instead the Hamiltonian formu-
lation of the theory [13]. The Hamiltonian has the
form

H=NH, 4+ NH; + 9,54
+§A’1ZA£) + ABG)Q(a)
FMapJA + My JYP . (24)

expected for a theory with the corresponding gauge
invariances. Here N and N are the lapse function
and shift vector [1], while H, and H; are the (mod-
ified) generators of deformations in the normal and
tangential directions. S4 and S 4 are the local super-
symmetry generators, Q(a) is the generator of gauge
invariance, and JAB and JA'B" are the generators of
local Lorentz rotations, while M 4p and M A g are La-
grange multipliers giving the amount of Lorentz rota-
tion applied per unit time. Classically, the constraints
H.,H;, etc. vanish, and the set of (first-class) con-
straints forms an algebra.

Quantum-mechanically, the constraints become op-
erators which annihilate physical states :

H, U =0, Hb=0,
SAU =0, SaU=0,
Q¥ =0, J4Pv=0 T7'%w=0 (25

’

Starting with the simplest of these, the J4Z and Jhr
quantum constraints imply that ¥ is constructed from
Lorentz invariants. The Q(4) constraint, derived be-
low, is of first order in functional derivatives, and im-
plies that the wave function W is gauge invariant. The
S4 and S 4 constraints will be derived and discussed
below. The H, and H; constraints can be defined
through the anti-commutator of S4 and Sy, as in
the case of N=1 supergravity without matter fields
[11]. Thus the remaining constraints imply H, ¥ =
0, H;¥ = 0; if one could find a solution of the remain-
ing quantum constraints, the H; and H; constraints
would follow (with a certain choice of factor-ordering).

In the Hamiltonian decomposition, the variables
are split into the spatial components eAA/i, A, wA;-,
Aga), )\E:), Xff,), ol @/, X4, %:{1,, which together
with the bosonic momenta are the basic dynamical
variables of the theory, and the Lagrange multipliers

Na Niv wAO> 'l/)A/Ov Ag)a)v MABa MA’B/ of Eq (4)3
where N, N’ are formed from the e?4, and the e44
[6], and Map, Ma g involve the zero components
wapo,wa g of the connection. One computes the
canonical momenta conjugate to the dynamical vari-
ables listed above in the usual way. The constraint
generators H, , H;, etc. are functions of the basic dy-
namical variables. For the gravitino and spin—% fields,
the canonical momenta give second-class constraints
of the types described in [1,32,33]. These are elim-
inated when Dirac brackets are introduced [1,32,33]
instead of the original Poisson brackets. In particular,
one obtains nontrivial Dirac brackets for p, 4/, the
A%, for 94, and z/JA;7 for
)\f:) and )\Ef,% for X/, and %il, and for mp, wp«, the
momenta conjugate to ®¥, &L These can be made
into simple brackets by three steps. B

First, the brackets involving p, 4/, ¥*; and 94
can be simplified as in the case of pure N=1 super-
gravity [1]. One redefines

momentum conjugate to e

) 1 .. ~
=paa’ — —ﬁwk%/fAﬂl)A/k . (2~6>

V2
This gives the Dirac brackets
[ﬁAA’i7 Q/JB]] = 07 |:ﬁAA’i7 wB]j| = 07
[ﬁAA,i, ﬁBB]} = independent of ¢, and ¥*. (2.7)

Next, one must deal with a complication caused by
the dependence on the scalars ®!, ®/° of the Kéhler
metric Ky« in the second-class constraints. Defining

i N
Paar — Paa

w74 to be the momentum conjugate to XIA, and 7y« 4
to be the momentum conjugate to X , one has
~J*A
Tra+ —= KpjsnaaX =0,
\/i
~ e IA
7TJ*A/+ KIJ*nAA’X :0 (28)

V2
where e = h%7 with h the determinant of the spatial

. ’ . . . .
metric h;;. Here n?4" is the spinor version of the unit
future-directed normal vector n#, obeying

nAA/nAAI =1, nAA/eAA/- =0. (2.9)
The ®X and K" dependence of Ky« is rebponblble

for the unwanted Dirac brackets among X%, X A5 TL
and 7p«. One cures this by using the square root of
1

the Kéhler metric, K EJ*, obeying

K705 K (2.10)

This may be found by diagonalizing K+ via a unitary
transformation, assuming that the eigenvalues are all
positive. One needs to assume that there is an “iden-
tity metric” 657" defined over the Kéhler manifold;
this will be true if a positive-definite vielbein field can
be introduced. One then introduces the modified vari-
ables

KL* - KIL*.



4 A.D.Y.Cheng, P.D.D’Eath and P.R.L.V.Moniz

xm_ezKU*& K Xpea, Xpear —e2KjI*6 KX gu ar, (2.11)

where the factor of e'/2 has been introduced for later use (in the time gauge). Then the second-class constraints
of Eq.(2.8) read

. i LI s i CJA
7T]A+E(5[J* naa X =0, 7T[*A/+E(SIJ* naaX =0. (2.12)
The resulting Dirac brackets now give
A T
e, ]t =0, [wL, X 1} =0, etc. (2.13)
~J*

Finally, there are the brackets among p 44/ )\if , )\(:,), 5(; and X s, which are just as in the case studied by

Nelson and Teitelboim [32]. These are dealt Wlth by first defining

A (@)
A —enn® X, = el (2.14)

Then one goes to the time gauge, in which the tetrad component n® of the normal vector n# is henceforward
restricted by
n® =4y , (2.15)

or equivalently 0 (2.16)
I 2.16

Thus the original Lorentz rotation freedom becomes replaced by that of spatial rotations. In the time gauge, the
geometry is described by the triad e*,(a = 1,2, 3), and the conjugate momentum is p,,*. One has [33]

[’ 557 =00 [ AP =00 [mat XL] T =0 ete (2.17)

The remaining brackets are standard; the nonzero fermionic brackets are

R 2(b) 1
[/\(“) A@), X o@)] = V2inaa6 @06 (2,2, (2.18)
ol I / 1 . 1J* /
X 4(x), X 4 (2") = V2inaad" 5 (2, 2'), (2.19)
~ a1 _— kok 1 ,
[vhi@), 945 @] = DM @), (2.20)
here ’ ’ ’
v DAY = —2ie 1A e ppin P (2.21)
The supersymmetry constraint S, is then found to be
Sa = _ﬂiﬁijeAA’i¢Aj + V26 e 440 B DA, + (2\@) el/JB/]?ﬁ nBb’ 1/JA CAA
L = i 4l BB A i () @B Lk (@B pa) | 1 (@, A ()
- 567/13/ Ypre” T naa — ﬁ“ epanA? 2\/§6J epaN VT FT + EGQD ne AT,
1 ie ' (a) T(a e * I~N* ie r~M*
1 - ’ ~ ~J*
- 2—\/§€”kKJ*€BBﬂ/)kBi/JiB' —V2egr- X Begpmn® wmc}x A
~ ~J* ~J* B
- ﬂegu* (Di@l) Xpgmn BB epal + 2g]J*€‘7 eAA/J¢ eppX'B
1 . ! 7. ~J* . ! /- ~l\a
+ 161/1,4@‘ <€BA/ZHAC - BAC ZnBA/) g]J*Xé/XIB + Zeﬂ}Ai (BBA/ZTLAC - GAC 2’/7,]5314/) X(C/)A(Q)B
— eexp(K/2) [QPnAA,eABf{/?B; +i(DrP) nAA,fo] (2.22)

where )\ , )\Ef,) and Xy, X7+ 4 should be redefined as in Egs. (2.11),(2.14). Here ega/; = 0% 4/€qi, Where
0 (o =1,2,3) are Infeld-van der Waerden symbols [1], and 7% = —Le2(p, D Also [27]
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SSDijk — aijk+ SSwAsz/JBk

1/ ~ S
+ 7 (KkDi®" — Ky D05 ) 4,

I (a

+ 59A (ImF(a)) WA, (2.23)
where 3swABj, 3S$AIB/j give the torsion-free three-
dimensional connection, and

DAK = 9, A% — gl x K@) | (2.24)
with ¢ the gauge coupling constant and X% (@) the ath
Killing vector field, as in Eq.(2.2). Further, the an-
alytic functions F(®) (®”) and F" (@) (®!") arise [27]
from the transformation of the Kahler potential K un-
der an isometry generated by the Killing vectors X ()
and X (@):

SK = (e(“)X(“) + e*<“>X*<“>) K (2.25)

One obtains
K = @ p@ _ J@pta _; (ga) _ 6*<a>) D@

(2.26)
where D@ is the Killing potential of Eq.(2.3). Also,
in Eq.(2.22), 77(® is the momentum conjugate to

AS{? K j+ denotes 3K/8<I>J*7 FJM*N denotes the
starred Christoffel symbols [27] of the Kéhler geome-
try, and P = P (<I>I ) gives the potential of the theory.

The gauge generator Q(® is given classically by
QW = —§,7"@
g (”IXI(Q) + WI*XI*(G))

gfabcﬂ_n(b) Aglc)

+

+ V2iegKpr-n* X7 (“)F,*N*XA, XA

— \/iiegnAA/XEf,) [fabc)\ff) + 3 (ImF(“)> )\Ef)}
NJ* |:6X1(a)

KirXa | T XA+2(ImF(a)) }

_v ]mF(a)) Tk et
vl b,
where %€ are the structure constants of the isometry
group.

One can proceed to a quantum description by
studying (for example) Grassmann—algebra—valued wave

A s@ A

o w* LA AN
iz @J*). The choice of n ,* XA, rather than XA is
designed so that the quantum constraint S, should

be of first order in momenta. The momenta are repre-
sented by

—I—\/iiegn

A an (2.27)

functions of the form \Il(

Po' — —ihd/de*, , 7@ — —ihd/5A | (2.280)

T — —ihd /6D, mpe — —ihd /6B, (2.28b)
—A’ 1 . ’
v, — EmDAAﬁa/wAj , (2.29a)
L(G)A/ AA ~
X = V25 o (2.29b)
~ ’ * :«J* !
L V2nAN ST 5 15X (2.29¢)

Quantum-mechanically, we order each term cubic in
fermions in S4 (using anti-commutation) such that
one “momentum” fermionic variable is on the right,
and two “coordinate” fermionic variables are on the
left. The ordering of the quantum constraint S, is
defined by taking the hermitian adjoint with respect
to the natural inner product [1,35]. Then the terms in
S 4 cubic in fermions have two “momenta” on the right
and one “coordinate” on the left.

ITI. Ansatze for the Fields and Dimen-
sional Reduction

In order to learn more about quantum cosmology with
local supersymmetry we would like to study certain
types of simple mini-superspace models. Among the
simplest non-trivial mini-superspace models (in which
the gravitational and matter variables have been re-
duced to a finite number of degrees of freedom) are
those based on Friedmann universes with S spatial
sections, which are the spatial orbits of G = SO(4)
— the group of homogeneity and isotropy. Consistent
with this assumption we choose the geometry to be
that of a K = +1 Friedmann model. The tetrad of the
four-dimensional theory is taken to be:

fan = ( N<(T>)E (?E) ’

e = (VO NNR) e

where & and ¢ run from 1 to 3. The shift vector N* is
assumed to take the form N = — NA4’ (T)e 44", where
NAA/TZAA/ =0.

FE;; is a basis of left-invariant 1-forms on the unit

$3 with volume o2 = 272, The spatial tetrad e44’,
satisfies the relation
die? N — 9;eM; = 202Nk (3.2)

as a consequence of the group structure of SO(3), the
isotropy (sub)group.

This Ansatz reduces the number of degrees of free-
dom provided by e44s,. If supersymmetry invariance
is to be retained, then we need an Ansatz for ¢4 . and

@Alﬂ which reduces the number of fermionic degrees of
freedom, so that there is equality between the number
of bosonic and fermionic degrees of freedom. One is
naturally led to take ¢4, and wA/O to be functions of



time only. In the four-dimensional Hamiltonian the-
ory, 1/1‘40 and MJA;) are Lagrange multipliers which may
be freely specified. For this reason we do not allow
¥4, and 1/)’4/0 to depend on ¥4, or wA; in our Ansatz.
We further take

1/1Ai = eAA/ﬂ;A’ ) iA;‘ = eAA/ﬂ/’A ) (3.3)

where we introduce the new spinors ¥4 and 1/;,4/
which are functions of time only. [It is possible to
justify the Ansatz (3.3) by requiring that the form
(3.1) of the tetrad be preserved under suitable ho-
mogeneous supersymmetry transformations [4,5,7].]
Moreover, it turns out that the constraints obeyed
by classical solutions of the 1-dimensional theory lead
to a 4-dimensional energy-momentum tensor which is
isotropic, consistent with the assumption of a Fried-
mann geometry.

It is important to remark that the Ansatz for ¢4,
is preserved under a combination of a non-zero (spa-
tially homogeneous) supersymmetry transformation
and possible local Lorentz and coordinate transforma-
tions [4,5,7] if we impose the additional constraint

QZJB’IZJBleBB/i =0. (34)

Eq. (3.4) implies that VBB x nBB’ and so we can
write (2.8) in the two equivalent forms:

Jap = w(Al/?B/nB)B/ =0, (3.5)
Jarp: = bapPnppy =0. (3.6)

The constraint J4p = 0 has a natural interpretation
as the reduced form of the Lorentz rotation constraint
arising in the full theory [1]. By requiring that the con-
straint J4g = 0 be preserved under the same combina-
tion of transformations as used above, one finds equa-
tions which are satisfied provided the supersymmetry
constraints Sy = 0, Sa = 0 (see below) hold. By
further requiring that the supersymmetry constraints
be preserved, one finds additionally that the Hamil-
tonian constraint H = 0 should hold. When matter
fields are taken into account (see next paragraphs) the
generalisation of the J4p constraint is :

Jap = Yavs) — XaXp) — AGAG =0, (3.7)

One can justify this by observing either that it arises
from the corresponding constraint of the full theory,
or that its quantum version describes the invariance of
the wavefunction under Lorentz transformations.

Now, let us address the supermatter fields. First,
we choose for the gauge group of our model the group
G = SU(2). In this case we have that [27]

DL — 1 ( ¢+¢_) D@ — b (u)
2\1+¢¢)’ 2\ 14¢0)"’
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and
K =In(1+¢9), (3.9)

and thus
1

Yoo = Wi ga)”

The Levi-Civita connections of the S2 Kihler manifold
are

9%% = (1+ ¢)2. (3.10)

¢ :g¢¢?%:_2 ¢ _

o0 oo (1+ ¢9)
and its complex conjugate. The rest of the compo-
nents are zero. The scalar super-multiplet, consist-
ing of a complex massive scalar field ¢ and massive
spin-1/2 field X, X are chosen to be spatially homo-
geneous, depending only on time. The odd spin-3

)\(“),X(“)>, a = 1,2,3, are chosen to de-
pend only on time as well. As far as the vector field

(3.11)

partner (

Agl) is concerned we adopt here the ansatz formu-
lated in Refs. [29,30,31]. More specifically, since are
the physical observables to be SO(4)-invariant, the
fields with gauge degrees of freedom may transform
under SO(4) if these transformations can be compen-
sated by a gauge transformation. This is so since
the physical observables are gauge invariant quanti-
ties. Fortunately there is a large class of fields sat-
isfying the above conditions. These are the so-called
SO(4)-symmetric fields, i.e. fields which are invariant
up to a gauge transformation. According to group the-
ory considerations [29,30,31] the it SO(4)-symmetric
spin-1 field is taken to be

Au(t) wh = <f§lt)€acb7:1b) w®

where {w"} represents the moving coframe {w#} =
{dt,w®}, (b =1,2,3) , of one-forms, invariant under
the left action of SU(2) and 7, are the generators of
the SU(2) gauge group. The idea behind this Ansatz
for a non-Abelian spin-1 field is to define a homor-
phism of the isotropy group SO(3) to the gauge group.
This homomorphism defines the gauge transformation
which, for the symmetric fields, compensates the ac-
tion of a given SO(3) rotation. Hence, the above form
for the gauge field where the Ay component is taken
to be identically zero.

If one assumes that the dynamics of the most gen-
eral N = 1 supergravity theory coupled to supermat-
ter is as given in Eq.(25.12) of [27] than, by impos-
ing the above mentioned symmetry conditions, we ob-
tain a one-dimensional (mechanical) model depend-
ing only on t. The resulting one-dimensional model
will have some symmetries remaining from the sym-
metries of the four-dimensional theory. In particular
the invariance under general coordinate transforma-
tions in four dimensions leads to an invariance un-
der arbitrary time-reparametrizations. However, due

(3.12)
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to our choice of SO(4)-symmetry conditions on the
spin-1 field, none of the local internal (i.e. gauge)
symmetries will survive: all the available gauge trans-
formations are required to cancel out the action of a
given SO(3) rotation. Thus, we will not have in our
FRW case a gauge constraint Q(® = 0 [29-31]. How-
ever, in the case of larger gauge group some of the
gauge symmetries will survive, giving rise, in the one-
dimensional model, to local internal symmetries with
a reduced gauge group. Therefore, a gauge constraint
can be expected to play an important role in such a
case [13,29-31] and a study of such a model would be
interesting.

In the next section we will study associated FRW
cosmological model.
fective action we will derive the supersymmetry con-

From the one-dimensional ef-
straints of our theory.

IV. Supersymmetry Constraints in the
One-Dimensional Theory

Using the Ansétze described in the previous section,
the action of the full theory (Eq.(25.12) in Ref.[27]) is
reduced to one with a finite number of degrees of free-
dom. Starting from the action so obtained, we study
the Hamiltonian formulation of this model. As dis-
cussed above, the Hamiltonian of any supersymmetric
model has the form (2.4). The procedure to find the
expressions of S, and S, is very simple. First, we
have to calculate the conjugate momenta of the dy-
namical variables and then evaluate the usual expres-
sion:
H(pi,q") = pi¢" — L. (4.1)
Afterwards, we read out the coefficients of ¥,* and
¥y from this expression in order to get the S, and
S, constraints, respectively.
The contributions from the spin-0 field ¢ to the
S 4+ constraint are seen to be

io%a’ 10}

2v2 (1+¢0)
5i 2a3¢
_2\—F(1+¢<{6)3

3i c%a’¢ BB o%a?
T2VE (rae) YV f 2 (1169)

2,2
o gf O'aAA/nAB XB/XG. (42)

TR 6oy

The contributions to the S,/ constraint from the spin-
1 field are

1 - /
— X |7y + (a)B" \(a)B

V2

————nppA
< B’
npp' X xB

BB X Byt

2 2.3
71.%7170&3,4/)\((1)5 +

UaBA//\(a)BnCB’
X(Obcc@C,;\(b)B’ + O_bAB/wA/\(b)C)

1
+—=a2ale L - (f - 1),

82

1 - /
t3e Za? A ( napPa NV 4 np g\ @B
1 1 - /
—§HAA'1/)B/\(G)B + inAA’wB’/\(a)B ) (4.3)

The contributions from the spin-2 field and spin-3/2
field to S 4/ constraint are

_ 3
amghar — —=02a*Par + 0 a*nB 0P Y.

22 V2
(4.4)

The following terms are also present in the S,/ super-
symmetry constraint:
L 53 A
——2a®gDn g AW
2o e

o2a’ — 1 — - B

+ m(—nBA'wB' + EnBB’wA’)XBX

1 . ,
_ZO,QaB(nAB//\(a A)\( ) ,(z)B +nAA’ a)A)\ wB)

1

- WOQGS(TLABIXAXA/’(/JB +T7/AAIXAXBI¢B ) .

(4.5)
The supersymmetry constraint S,/ is then the sum of
the above expressions. The supersymmetry constraint

S4 is just the complex conjugate of Sa:.

V. Solutions of the Supersymmetry Con-
straints

In this section we will solve explicitly the correspond-
ing quantum supersymmetry constraints but we will
rather restrict ourselves to the case where both the
spin-1 field and its fermionic partner equal to zero.
For the cases of spherically symmetric and flat Kahler
geometries we have found the general solution for the
quantum state with a very simple form. However,
these states are somewhat different from the ones pre-
sented in Refs. [4-7]; although they allow a Hartle-
Hawking solution, we cannot find a wormhole state.

First we need to redefine the X4 field and ¥ 4 field
in order to simplify the Dirac brackets [13,23], follow-
ing some of the steps described in section II:

3 3
~ oa?2 S oaz2 _
=—F——Xu, Xao=—F"—"Xu . (5.1)
24 (1 + ¢9) 2% (1 + ¢9)
The conjugate momenta become
. ~ A’ . ~A
7TXA = —inaaX , 71-):(4/ = —ingaX . (5.2)

This pair form a set of second class constraints. Con-
sequently, the Dirac bracket (DB) becomes

[)A(A,QA/]DB:—Z'TLAA/. (53)
Similarly for the ¢4 field,

R V3 s N V3 s -
ha = §0a3¢A7 Ya = 2—%UGS¢A' (5.4)



where the conjugate momenta are

) A A _ 4
7T12)A :ZTLAA/w , F@A/ :znAA/Q/) . (55)
The Dirac bracket is then
(W4, ¥ulpB = inaar. (5.6)

Furthermore,

(6, 76lpp =1, [$,75lpp =1 (5.7)

and the rest of the brackets are zero.

After substituting the redefined fields in the con-
straints, we drop the hat over the new variables. The
supersymmetry constraints become

la,Ta]lDB = 1,

- 1
Sar = \/5(1+¢¢)XA’77¢+ \/EaﬂawA'

3 — Z - B’ —
- \/;UQQ%A' - 2\/_¢nBB/X XX a0

1 —
- 4—\@TLBA'1/JB PP — f¢nBB/¢B"/}B Xar
5 B 7B~ \/g < B’
— —=N ' X Xgr — ——=n ’ X aX
Wik Y7 Xa Wtk VB Xa
1 o
+ %TLBB/XBXB Yar (5.8)

together with its complex conjugate.
Tt is simpler to describe the theory using only (say)
unprimed spinors, and, to this end, we define

Ya=2n v,
with which the new Dirac brackets are

[Wa,¥Blps = —ieap. (5.10)

The rest of the brackets remain unchanged. Using
these new variables, the supersymmetry constraints
are

SA = %(1 + ¢¢3>XA7T¢ — ﬁaﬂrad]A — \/édQGQwA

5, - _ 1 -
— = XaXpXP + ——pay®

>_<A = QRABI)_(B/ (59)

Xa,XB|pB = —i€an,

4f 86
_ B Dy B
4\[¢> Ay 1/JB+4\/6XA1/) Xp
V3 vBY b By
+ 4\[ Xayp Qﬁwx Xp (5.11)

and

Sa = \}5(1 + pPp)Xams + 2\/661%%4 \/302@21[),4

+ %QSXBXBXA_#'JJB"/)A'&B
- 4\/—¢wa XA+4\/—XB¢BXA
- f«pB XaX —LXBXBJ)A (5.12)

4+/2 26
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Quantum mechanically, one replaces the Dirac brack-
ets by anti-commutators if both arguments are odd
(O) or commutators if otherwise (E):

[E1, Es] = i[E\, Es)pB,
{01,02} = i[Ol,OQ}DB.

[0, E] =[O0, E]ps,
(5.13)

Here, we use the convention 7 = 1. And the only
non-zero (anti-)commutators relations are:

{Xa,Xa} =cap, {va,va}=—eas,
[¢7 ﬂ_(b] =1, [stﬂ_é] = 1.
Here we choose (X 4,14, a, ¢, (Z))_ to be the coordinates

of the configuration space, and X4, 94, Tq, Ty, 75 to be
the momentum operators in this representation. Hence

[aa ﬂ—a] = 7:7

(5.14)

- - 0
X . =
A_)aXAa d)A_)a’(/JA’

0 .0 e,
3 7T¢—>—Za—¢7 7T¢—>—Za—¢ (5.15)

Tgq —

Following the ordering used in Ref.[5], we put all the
fermionic derivatives in S4 on the right. In S4, all the
fermonic derivatives are on the left. And the super-
symmetry generators have the operator form

0

Sa %

(1 + ¢P)X 4 ayq

1

f 3¢ %
8
——1ppp? X ap?

f 8wA 4f

5 5 0 \/§ B
X B VB at
4/6 OX 4\f 8>< 26

61/}3

7 -0 0 1 o 0
= B35 55 T 2/5%00 oA

3 4 o2 0 5¢ 0 0 _p
- + =X
\[ OpA 4f ¢8><A xB
1 pgo O ] 0
86 0P axcw \/"bawB axA
~ 5 9 0 B _ V3 (BC o 0
44/6 098 oxA W2 9B X
1 9 9 .5
21/6 04 9xB
We now proceed to find the wavefunction of our
model. The Lorentz constraint J4p is easy to solve. It
tells us the wave function should be a Lorentz scalar.
In our model, Jap = ¥ a¥B) — X(A)_(B). We can easily
see that the most general form of the wave function
which satisfies the Lorentz constraint is

U = A+ iBy e + CvCXxe
+ iDX“X¢e + EYCexXe

'l,Z)B

XA

(5.16b)

(5.17)
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where A, B, C, D, and E are functions of a, ¢ and ¢
only. The factors of i are chosen to simplify the future
results. The next step is to solve the supersymmetry
constraints S4¥ = 0 and S4¥ = 0. Since the wave
function (5.17) is of even order in fermonic variables
and stops at order four, the S4¥ = 0 and S4¥ = 0
will be of odd order in fermonic variables and stop at
order three. Hence we will get four equations from
S4¥ = 0 and other four equations from S ¥ = 0.

\/_(1+¢>¢) ¢ 0, (5.18a)
a O0A 3 990,
~3V5 00~ \/;a a“A =0, (5.18b)
OB lop, 0 0C T V3 200 _
(1+¢>¢)8¢+2¢B 50a TRC T o e0=0,
(5.18¢)
a 0D 2 92 - C 3 - _
730 +2v30%a%D — /3D — (1+¢¢)5_§¢C_0’
(5.18)
f(1+¢</>) 95 0, (5.19a)
a OB 2 27
T5da 60%a’E = 0, (5.19b)
a OB oc 3
—— —2V30%a’B—-V3B+(1 — C =0,
75 Ba V3o \f+(+¢¢>)¢+¢
(5.19¢)
1 _L(?C 7 \/3 o2a?
(1+06) 22 ¢ 0P maa Tl =0
(5.19d)

We can see that (5.18a), (5.18b) and (5.19a), (5.19b)
constitute decoupled equations for A and E, respec-
tively. They have the general solution.

A= f($) exp(~30%a?),

where f,g are arbitrary anti-holomorphic and holo-
morphic functions of ¢, respectively. Eqgs.(5.18¢) and
(5.18d) are coupled equations between B and C' and
Egs.(5.19¢) and (5.19d) are coupled equations between
C and D. The first step to decouple these equations is
as follows. Let B = B(l—i—qﬁq@)*% ,C = %(1—1—@5)*% ,

D = D(1+ ¢¢)~%. Equations (5.18¢), (5.18d), (5.19¢)
and (5.19d) then become

E = g(¢) exp(302a?) (5.20)

28B adC 7

s g b 202420 =
(1+¢¢) % 13 Ja 120+ C=0, (5.21a)
- o0D a 0C
27777 o 2.2/
(1+9¢0) 96 12 50 C+ 5070 C =0, (5.21b)
aC 0D 25 L ar
% a% — 60' a D + 3D = O s (5210)
oc + 2B _ 602a’B—-3B=0. (5.21d)

EXs Oa

From (5.21a) and (5.21d), we can eliminate B to get a
partial differential equation for C"

—, 9C a8 [ 8C
L+ 90) 5506 ~ 1290 (a%>

5 oC 7 A
+-a— + [304(14 + 30%a® — ﬂ C= (5.22)
a

and from (5.21b) and (5.21c), we will get another par-
tial differential equation for C":

_., 0C a & [ oC
(1+99) 555 ~ 195a (a%>

§a8—0 + {30

0 (5.23)

40t — 30%a% — 1] C =0.

We can see immediately that C = 0 because the coef-
ficients of 02a?C are different for these two equations.
Using this result, we find

B = h($)(1+ ¢¢)~ 2a® exp(302a?),

D = k(¢)(1 + ¢¢)~2a® exp(—302a?). (5.24)

This results can be strengthened as we will show
that C' = 0 is not a result of the particular order-
ing used in the above calculations. In fact, we can
try the ordering presented in Ref. [6] such that Sy4
and Sy are hermitian adjoints in the standard inner
product, appropiate to the holomorphic representation
being used here for the fermions. If one allows for the
factor ordering ambiguity in S4 due to the terms cu-
bic in fermions, and insists that S4/ be the hermitian
adjoint of S4, the operators have the form

C =0,

Sa(new) = Sa + Mba + ipgXa ,
S p ooy = § +i(i_ )¢>x +(i—x)w
A(new) — PA 4\/5[1 A 4\/6 A

(5.25)
where S4, Sa are the orderings used above. Proceed-
ing to solve these constraints, we will find another
eight equations. We are only interested in the four
equations between B, C' and D :

(1+¢¢) ¢ ( \fu> 6B + 4\“[‘20
4\7[0 \FC + ﬁ 2a*C =0, (5.26a)
\%%—f +9v302a2D — (V3 + 2V2\)D
-1+ ¢¢)—¢ - 2030 +V2upC =0,  (5.26b)

;_68—3—2\/_22B \/_B+\/_(7—2)\>B
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(+¢¢)—+ ¢C f<4f )¢>C:0

¢
(5.26¢)
1 a ptC

7
(1+60) 5 + 30D (515 - 2) o0 22 2

7 1 5 V3 5, _
+N§‘EG%‘9““”“O”'
(5.26d)

We must set p = 7/(8y/2) in order to get rid of ¢C
in (5.26b) and (5.26¢) consistently, and the only free-
dom left to get consistent equations for C' is from .

By setting B = B(1+ ¢9)%, C = G(1+¢9)°%,

D = D(1+ gb@%. we can again get two decoupled

equations for C' from the above 4 equations. Again
the coeffecient of 02a?C for one equation is —% and
the coefficient of 02a?C for the other equation is 1?7.

Hence, we are led again to C' = 0, showing that the
two most interesting orderings give C' = 0.

VI. Discussion and Conclusion

We would like to compare our results to the ones in
Ref. [5]. There, R* was used as Kihler manifold and a
different result for C' was obtained. We would like to
investigate here whether we can get a similar result for
C in our model in the case of the R? Kihler manifold.
The Kéhler potential would be just ¢¢, the Kihler
metric is g,5 = 1 and the Levi-Cita connections are
zero. Repeating the steps described in sections 11—
V, we find out that the structure of the supersym-
metry constraints are the same for these two Kéahler
manifolds. The reason is that the Kéahler metric and
the connection only enter the Lagrangian through the
spin-% field X4 and no other terms. So, there is only

a change in the coefficient of ¢pX X2 in S4 and

o)
- ax”
the corresponding term in S4, the rest being equiva-
lent to put ¢¢ = 0 in the necessary coefficients. The
supersymmetry constraints are then

0
A= —2\/§’LXA8_¢

— cmbA2 — 602a2w,4
Oa

V3 - g O g O 2\/_
g PXaX axB wa aw 2 awB
)
— 4= xXB— (61
w aXB+ wB@XA +1/}A aXB ( )
and
Gy oD 0D D
SAfQ\/gzaXAaq—eraa GoA — 60 8¢A
i3, 0 0 5 1 po O
T ¢aanxBX 4 wBawa“‘
_VB, 0 9 50 0y
2 ToyB 8XA 2 OB x4
3 gc 0 0 0 0 _p
i —X —_xB. 2
2¢ B oxC T YA oxB (6:2)
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Solving for S4¥=0 and S, ¥=0, we obtain eight equa-
tions where the four ones between B , C and D are

OB 1- a 0C 71 \/§
— 4+ 9B+ ——— — ——C+0%*C=0,
¢ 3¢ 4/30a 43
(6.3a)
a 0D 1-
— 4 9V35%a’ D —V3D— — —Z¢C = .
73 9a V3o V3 a¢ 56C =0, (6.3)
a OB
298 Bera?B-v3B+ 2% 4 Leo =0, (6.3
Nk T 55390 =0, (639
oD 1 a_0C T \f
— 4+ —¢D — —— ~—o%d’C=0.
9 + 2¢ V3 da \/_ C+ —oc°a
~ (6 3d)
After the substitution B = Bexp(—1¢¢) , =
%exp(—%qﬁq@) and D = D exp(— 190¢) [5], the above
four equations become
OB  a0C T A 1 4 4
8_¢+§%_EC+§UGC—O, (64(1)
oD aac 7 D220 —
oC oD 9 = =
% a%—6a a*D+3D =0, (6.4c)
oC 0B ) -
a—d)Jra%—GcraB—?)BfO. (6.4d)

This set of equations is exactly the same as (5.21a —
d) if we put ¢¢ = 0 in there. So, C = 0 does not
depend on the value of ¢p¢. We conclude, therefore,
that for R” as the Kihler manifold, C' = 0. These
results seem to suggest that whatever Kahler manifold
one uses, we reach the same conclusion. The reason for
the apparent differences with respect to Ref.[5] may lie
in the fact that the model used in Ref.[5] was derived
from Ref.[28], while ours comes directly from Ref.[27].

Summarizing our work, in section II the more gen-
eral theory of N=1 supergravity with supermatter
was described using a canonical approach [13]. The
supersymmetry and gauge constraint generators were
also preented. In section IIT we described the Ansétze
for the the gravitational field, spin—% field and the
gauge vector field V' as well as the scalar fields and
the corresponding fermionic partners. In section IV,
after a dimensional reduction, we derived the super-
symmetric constraints for our one-dimensional model,
where one has assumed a FRW closed geometry. In
section V, we solved the supersymmetry constraints
for the case of a two-dimensional spherically sym-
metric Kahler manifold, taking the spin-1 field to
be zero as well as its fermionic partner. We found
that one of the middle states is missing as C' = 0,
and the other mlddle states have the simple form

B = g(¢)(1 + ¢¢)~2a*exp(30%a?) and D = f(¢)(1 +
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$®)~2a® exp(—302a?). However, these are not worm-
hole states. From [6], the wormhole wavefunction has
the form prefactor x exp(—(302a? + 302a® cosh(p))),
where ¢ = pe??, and such behaviour is not provided by
B and D. In order to investigate this issue we repeated
our study but for a two-dimensional flat Kéhler mani-
fold. Once again, we have C' = 0. Thus, it seems that
the results obtained from the framework presented in
Ref.[27] are quite general.

The bosonic and filled fermion states have the sim-
ple form A=f(¢) exp(—302a?) and E=g(¢) exp(3c2a?)
respectively. This corresponds to the Hartle-Haw-
king solution. It is very puzzling that the wormhole
state is missing. A similar problem occured in Ref.[3].
There, the only bosonic physical state is the wormhole
solution but the Hartle-Hawking state was missing.
However, if we use a different definition of homogene-
ity [23], we will get the Hartle-Hawking state as the
bosonic state but then the wormhole state is missing.
We suspect that similar behaviour is occurring here.

In the future we will extend the framework pre-
sented in this paper in two directions: the inclusion
of all supermatter fields in the process of solving the
supersymmetry constraints, and generalizing the work
to the case of a Bianchi-IX universe. It will be inter-
esting to see if the same type of results occur there.
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