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We study the quantization of some cosmological models within the theory of N=1 supergravity with a positive
cosmological constant. We find, by imposing the supersymmetry and Lorentz constraints, that there are no physical
states in the models we have considered. For the k=1 Friedmann-Robertson-Walker model, where the fermionic
degrees of freedom of the gravitino field are very restricted, we have found two bosonic quantum physical states,
namely the wormhole and the Hartle-Hawking state. From the point of view of perturbation theory, it seems
that the gravitational and gravitino modes that are allowed to be excited in a supersymmetric Bianchi-IX model
contribute in such a way to forbid any physical solutions of the quantum constraints. This suggests that in a
complete perturbation expansion we would have to conclude that the full theory of N=1 supergravity with a non-
zero cosmological constant should have no physical states.

PACS numbers: 04.60.+ n, 04.65.+ e, 98.80. Hw

I. Introduction

Recently a number of quantum cosmological models
have been studied in which the action is that of su-
pergravity, with possible additional coupling to super-
matter [1-11,14,15,18,26-29,31-34,38,41]. In addition,
a review on this rather fascinating subject is under
preparation [12]. It is sufficient, in finding a phys-
ical state, to solve the Lorentz and supersymmetry
constraints of the theory [13,14]. Because of the anti-
commutation relations

[
SA, S̃A′

]
+

∼ HAA′ , the su-

persymmetry constraints SAΨ = 0, SA′Ψ = 0 on a
physical wave function Ψ imply the Hamiltonian con-
straint HAA′Ψ = 0 [13,14].

In the case of the Bianchi-I model in N = 1 super-
gravity with no cosmological constant (Λ = 0) [8,43],
the quantum states are in the bosonic and filled fermi-

onic sectors and are of the form exp(− 1
2h

−1
2 ), where

h = dethij is the determinant of the three-metric. In
the case of Bianchi IX with Λ = 0, there are two states,
of the form exp(±I/h̄) where I is a certain Euclidean
action, one in the empty and one in the filled fermi-
onic sector [9,15]. When the usual choice of spinors
constant in the standard basis is made for the grav-
itino field, the bosonic state exp(−I/h̄) is the worm-
hole state [9,16]. With a different choice, one obtains
the Hartle–Hawking state [15,17]. Similar states were
found for N = 1 supergravity in the more general Bi-
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anchi models of class A [10]. [Supersymmetry (as well
as other considerations) forbids mini-superspace mod-
els of class B.]

It is of interest to extend these results, by studying
more general locally supersymmetric actions, initially
in Bianchi models. Possibly the simplest such gen-
eralization is the addition of a cosmological constant
in N = 1 supergravity [19]. On the one hand, the
appearance of a cosmological constant term in some
supergravity models is a consequence of the coupling
to matter. In particular, when one gauges internal
SO(2) or SO(3) symmetries in N=2, N=3 extended su-
pergravities [20] (coupling the spin-1 fields in a electro-
magnetic way to the gravitino) one needs at the same
time a cosmological constant and a mass-like term for
the gravitino in the action [20–24]. Such interesting
connection between spin-1 fields and a cosmological
constant has led to the suggestion that the electro-
magnetism might be due to a De Sitter space-time
curvature within a supergravity context [20]. Fur-
thermore, the action for our model presented in Eq.
(2.1) can be obtained from the O(2)-gauge extended
supergravity model when one eliminates from the la-
grangian the spin (3

2 ,1)-multiplet while keeping a non-
zero gauge coupling constant [25]. But, on the other
hand, our model can also be derived as an extension
of pure N=1 supergravity [19]. Further, little has been
written about extensions of pure supergravity to in-
clude R2 terms, etc. The main idea in this extension
is based on the fact that as the presence of a non zero
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cosmological constant induces a constant curvature of
space-time independent of matter, the symmetry prop-
erties of such spaces will be in correspondence with
the De Sitter group rather than the Poincaré group.
The new action is determined by the prescription that
quantities such as the covariant derivative and cur-
vature terms which are characteristic of the Poincaré
group should be replaced in the field equations by new
ones which are charactristic of the De Sitter group.
Following this procedure, one concludes that even in
N=1 supergravity one needs a mass-like term for the
spin- 32 field if one adds a non-zero cosmological con-
stant even though there are no spin-1 fields.

Using the triad ADM canonical formulation we
shall see that there are no physical quantum states
in the cases of Bianchi type-I and IX (diagonal) mod-
els [26,27]. The calculations are described in Sec. II
and include some new corrections in the Bianchi type-
I case, allowing to obtain the right bosonic and filled
fermionic parts of the wave function [43]. We also
treat briefly in Sec. III the spherical k = +1 Fried-
mann model, and find that there is a two-parameter
family of solutions of the quantum constraints with a
Λ-term. Nevertheless, as will be seen, the Bianchi-IX
model provides a better guide to the generic result,
since more spin- 32 modes are available to be excited
in the Bianchi-IX model, while the form of the fermi-
onic fields needed for supersymmetry in the k = +1
Friedmann model is very restrictive [6]. In Sec. IV
we briefly comment on how other different approaches
from the one presented in the previous sections allows
one to extract some similar results [4,5,28,29], [30-34].
Sec. V contains the Conclusion.

II. Quantum States for the Bianchi Mod-
els with a Λ-Term

Using two-component spinors [6,14], the action [19] is

S =
∫

d4x
[(
2κ2

)−1
(dete)

(
R− 3g2

)
+

1
2
εµνρσ

(
ψ
A′

µeAA′νDρψ
A
σ +H.c.

)
− 1

2
g(dete)

(
ψA

µe
µ

AB′ e
B′ν

B ψB
ν +H.c.

)]
(2.1)

Here the tetrad is eaµ or equivalently eAA
′
µ. The

gravitino field
(
ψA

µ, ψ
A′

µ

)
is an odd (anti-commu-

ting) Grassmann quantity. The scalar curvature R and
the covariant derivative Dρ include torsion. We define
κ2 = 8π. Here g is a constant, and the cosmological
constant is Λ = 3

2g
2.

There are two possible approaches to the quantiza-
tion of this model. One possibility is to substitute the
Bianchi Ansatz, e.g.,

ds2 = (N jNj −N2) dt2

+2Nidt dx
i + hijdx

idxj , (2.2)

for the geometry eAA
′
µ, where all metric components

are functions of time, and gravitino field
(
ψA

µ, ψ
A′

µ

)
into the action (2.1). The components ψA

µe
BB′µ and

ψ
A′

µe
BB′µ are required to be spatially constant with

respect to the standard triad [35] on the Bianchi hy-
persurfaces. One finds that, in order for the form of
the Ansatz to be left invariant by one-dimensional lo-
cal supersymmetry transformations, possibly corrected
by coordinate and Lorentz transformations [6], one
must study the general non-diagonal Bianchi model
[35]. The reduced action could then be computed,
leading to the Hamiltonian standard form

H = ÑH+ ρ
AS

A + S̃A′
ρ̃
A′

+ MABJ
AB + M̃A′B′ J̃A

′B′
. (2.3)

Hence H is the generator of local time translations,
SA and S̃A′

are the generators of local supersymmetry
transformations, and JAB and J̃A

′B′
are the genera-

tors of local Lorentz transformations; they are formed
from the basic dynamical variables

(
eAA

′
i, ψ

A
i, ψ̃

A′
i

)
.

[At this point it is natural in the classical theory to
free ψ̃A′

i from being the hermitian conjugate of ψA
i.]

The quantities Ñ , ρA, ρ̃A′ ,MAB and M̃A′B′ are La-
grange multipliers. The supersymmetry and Lorentz
constraints are imposed on physical wave functions but
they would be complicated because of the number of
parameters needed to describe the off-diagonal model.

The other alternative, taken here, is to apply the
supersymmetry constraints of the general theory at a
Bianchi geometry [9]. This is valid since the supersym-
metry constraints are of first order in bosonic deriva-
tives, and give expressions such as δΨ/δhim(x) in
terms of known quantities and Ψ. These equations can
be evaluated in the case of, e.g., a diagonal Bianchi-
IX geometry, parametrized by three radii A, B, C.
One multiplies (e.g.) by δhim(x) = ∂him/∂A and in-
tegrates

∫
d3x( ) to obtain an equation for ∂Ψ/∂A

in terms of known quantities. The need to consider
off-diagonal metrics is thereby avoided.

In general, it is only necessary to solve the quan-
tum constraints

SAΨ = 0, S̄A′
Ψ = 0, JABΨ = 0, J̄A

′B′
Ψ = 0,

(2.4)
for a physical state Ψ, since the anti-commutator of
SA and S̄A′

includes HAA′
, so that Eq. (2.4) implies

also HAA′
Ψ = 0. The wave function can (e.g.) be

taken as Ψ
(
eAA

′
i, ψ

A
i

)
or Ψ̃

(
eAA

′
i, ψ̃

A′
i

)
. These rep-

resentations are related by a fermionic Fourier trans-
form [5, 9].

Classically, the supersymmetry constraints are

SA = gh
1
2 e A′i

A nBA′ψB
i + εijkeAB′i

3sDjψ
B′

k

− i

2
κ2p i

AA′ ψ̃A′
i, (2.5)
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SA′ = gh
1
2 eA i

A′ nAB′ψ
B′

i + εijkeAA′i
3sDjψ

A
k

+
i

2
κ2ψA

ip
i

AA′ . (2.6)

Here nAA
′
is the spinor version of the unit future-

pointing normal nµ to the constant t surface. It is a
function of the eAA

′
i, defined by

nAA
′
eAA′i = 0 , nAA

′
nAA′ = 1 . (2.7)

In Eq. (2.5),(2.6), p i
AA′ is the momentum conjugate

to eAA
′
i. The expression 3sDj denotes the three-

dimensional covariant derivative without torsion. Since
the components of ψA

k are taken to be constant in the
Bianchi basis, one can replace 3sDjψ

A
k by ωA

Bjψ
B
k,

where ωA
Bj gives the torsion-free connection [14].

Quantum-mechanically, in the representation
Ψ

(
eAA

′
i, ψ

A
i

)
, one has [9,14]

p i
AA′ −→ −ih̄ δ

δeAA
′
i

+ 1
2ε

ijkψAjψ̄A′k , (2.8)

where

ψ̄A′
i −→ −ih̄DAA′

jih
1
2

∂

∂ψA
j

, (2.9)

where ∂/∂ψA
j denotes left differentiation [13], and

DAA′
ji = −2ih− 1

2 eAB
′
ieBB′jn

BA′
. (2.10)

We have made the replacement δΨ/δψB
j −→

h
1
2 ∂Ψ/∂ψB

j . This replacement is important when
considering space-time manifolds whose spatial sec-
tions are compact. The h

1
2 factor ensures that each

term has the correct weight in the equations, namely
when one takes a variation of a (compact) Bianchi ge-
ometry, multiplying by δ/δhij and integrating over the
three-geometry (see Eq. (2.21),(2.23), (2.24)). One
can check, e.g., that this replacement gives the correct
supersymmetry constraints in the k = +1 Friedmann
model, where the model was quantized using the al-
ternative approach via a supersymmetric Ansatz [6].

The corresponding quantum constraints read, with
the help of [14],

SA′Ψ = −ih̄gh 1
2 eA i

A′ nAB′DBB′
ji

(
h

1
2

∂Ψ
∂ψB

j

)

+ εijkeAA′iω
A
Bjψ

B
kΨ− 1

2
h̄κ2ψA

i

δΨ
δeAA

′
i

= 0,

(2.11)

SAΨ = gh
1
2 e A′i

A nBA′ψB
iΨ− ih̄ω B

A i

(
h

1
2

∂Ψ
∂ψB

i

)
+

i

2
h̄2κ2DBA′

ji

(
h

1
2

∂

∂ψB
j

)
δΨ

δeAA
′
i

= 0. (2.12)

The constraints JABΨ = 0, J̄A
′B′

Ψ = 0 imply
that Ψ

(
eAA

′
i, ψ

A
i

)
is a Lorentz-invariant function.

One solves them by taking expressions in which all
spinor indices have been contracted together. As de-
scribed in [5], it is reasonable also to consider only
wave functions Ψ which are spatial scalars, where all
spatial indices i, j, . . . have also been contracted to-
gether. To specify this, note the decomposition [11] of
ψA

BB′ = e i
BB′ψA

i:

ψABB′ = −2nCB′γABC +
2
3
(βAnBB′ + βBnAB′)

− 2εABnCB′βC , (2.13)

where γABC = γ
(ABC) is totally symmetric and εAB is

the alternating spinor. The general Lorentz-invariant
wave function is a polynomial of sixth degree in Grass-
mann variables:

Ψ
(
eAA

′
i, ψ

A
i

)
=Ψ0 (hij) +

(
βAβ

A
)
Ψ21 (hij)

+
(
γABCγ

ABC
)
Ψ22 (hij)

+
(
βAβ

A
) (

γ
BCD

γBCD
)
Ψ41 (hij)

+
(
γABCγ

ABC
)2

Ψ42 (hij)

+
(
βAβ

A
) (

γ
BCD

γBCD
)2

Ψ6 (hij) . (2.14)

Any other Lorentz-invariant fermionic polynomials
can be written in terms of these. Note that, for exam-
ple, the term

(
βAγABC

)2 = βAγABCβ
Dγ BC

D can be
rewritten, using the anti-commutation of the β’s and
γ’s, as

const · βEβEεADγABCγ
BC

D

= const · (βEβE) (
γ
ABC

γABC
)
. (2.15)

Similarly, any quartic in γ
ABC can be rewritten as a

multiple of
(
γ
ABC

γABC
)2
. Since there are only four

independent components of γABC = γ
(ABC), only one

independent quartic can be made from γABC , and
it is sufficient to check that

(
γABCγ

ABC
)2

is non-
zero. Now γ

ABC
γABC = 2γ000

γ
111−6γ100

γ
011. Hence(

γABCγ
ABC

)2
includes a non-zero quartic term con-

st. γ000γ100γ110γ111. Unlike the case of N = 1 su-
pergravity [5], here the nonzero g (or Λ) implies that
there is coupling between different fermionic levels.

Quantization of the diagonal Bianchi type-IX
model

We now proceed to solve the supersymmetry and
Lorentz constraints for the case of a diagonal Bianchi-
IX [29], whose three-metric is given in terms of the
three radii A,B,C by

hij = A2E1
iE

1
j +B2E2

iE
2
j + C2E3

iE
3
j , (2.16)
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where E1
i, E

2
i, E

3
i are a basis of unit left-invariant

one-forms on the three-sphere [35]. In the calculation,
we shall repeatedly need the expression:

ωABin
A
B′eBB′j =

i

4

(
C

AB
+

B

CA
− A

BC

)
E1

iE
1j

+
i

4

(
A

BC
+

C

AB
− B

CA

)
E2

iE
2j

+
i

4

(
B

CA
+

A

BC
− C

AB

)
E3

iE
3j . (2.17)

This can be derived from the expressions for ωAB
i

given in [9,13].
First consider the SA′Ψ = 0 constraint at the level

ψ1 in powers of fermions. One obtains

3
16

h̄gh
1
2 e i

BA′ ψB
iΨ21 + εjkieAA′jω

A
Bkψ

B
iΨ0

+h̄κ2eBA′jψ
B
i

δΨ0

δhij
= 0. (2.18)

Since this holds for all ψB
i, one can conclude

3
16

h̄gh
1
2 e i

BA′ Ψ21 + εjkieAA′jω
A
BkΨ0

+h̄κ2eBA′j
δΨ0

δhij
= 0. (2.19)

Now multiply this equation by eBA′m, giving

− 3
16

h̄ghimh
1
2Ψ21 + εjkieAA′je

BA′mωA
BkΨ0

− h̄κ2 δΨ0

δhim
= 0. (2.20)

The second term can be simplified using [6]

eAA′je
BA′

m = −1
2
hjmε

B
A + iεjmnh

1
2nAA′eBA′n.

(2.21)
One then notes, as above, that by taking a variation
among the Bianchi-IX metrics, such as

δhij =
∂hij
∂A

= 2AE1
iE

1
j , (2.22)

multiplying by δΨ0/δhij and integrating over the
three-geometry, one obtains ∂Ψ0/∂A. Putting this
information together one obtains the constraint

h̄κ2 ∂Ψ0

∂A
+ 16π2AΨ0 + 6π2h̄gBCΨ21 = 0 (2.23)

and two others given by cyclic permutation of ABC.
Next we consider the SAΨ = 0 constraint at order

ψ1. One uses the relations

∂
(
βAβ

A
)
/∂ψB

i = −n B′
A e i

BB′βA

and
∂

(
γ
ADC

γADC
)
/∂ψB

i = −2γBDC nCC
′
eD i

C′

and writes out βA and γBDC in terms of eEE′
j and

ψE
j . Proceeding by analogy with the previous calcu-

lation, one again ‘divides out’ by ψB
j . One replaces

the free spinor indices AB by the spatial index n on
multiplying by nAD′eBD′n, then multiplying by differ-
ent choices δhim = ∂him/∂A etc. and integrating over
the manifold, one finds the constraints

1
16

h̄2κ2A−1

(
A
∂Ψ21

∂A
+B

∂Ψ21

∂B
+ C

∂Ψ21

∂C

)
− h̄κ2

3

[
3
∂Ψ22

∂A
−A−1

(
A
∂Ψ22

∂A
+B

∂Ψ22

∂B
+C

∂Ψ22

∂C

)]
− 16π2gBCΨ0 − π2h̄BC

(
A

BC
+

B

CA
+

C

AB

)
Ψ21

+
1
3

(
16π2

)
h̄BC

(
2A
BC

− B

CA
− C

AB

)
Ψ22 = 0.

(2.24)

and two more equations given by cyclic permutation
of ABC.

Now consider the SA′Ψ = 0 constraint at order ψ3.
It will turn out that we need go no further than this.
The constraint can be written as

1
2
h̄gh

1
2 eBA′jn

B′
C e j

BB′ βC
(
γDEF γ

DEF
)
Ψ41

+ εijkeAA′iω
A
Bjψ

B
k

× [(
βCβ

C
)
Ψ21 +

(
γ
CDE

γCDE
)
Ψ22

]
− 1

2
h̄2κ2ψA

i

[(
βCβ

C
) δΨ21

δeAA
′
i

+
(
γ
CDE

γCDE
) δΨ22

δeAA
′
i

]
= 0. (2.25)

The terms ψB
k and ψA

i in the last two lines
can be rewritten in terms of βA and γ

FGH , using
Eq. (2.13). Then one can set separately to zero the
coefficient of βC

(
γ
DEF

γDEF
)
, the symmetrized coef-

ficient of γ
DEF

(
βCβ

C
)
and the symmetrized coeffi-

cient of γFGH
(
γ
CDE

γCDE
)
. These three equations

give

3
4
h̄gh

1
2nCA′Ψ41 − 8

3
εijkeAA′iω

A
Bjn

B
C′eCC

′
kΨ22

+
4
3
h̄κ2nAB′eCB

′
i

δΨ22

δeAA
′
i

= 0, (2.26)

2εijkeAA′iω
A
Bjn

D
B′eCB

′
kΨ21 − h̄κ2nDB′eCB

′
i

δΨ21

δeBA′
i

+ (BCD → CDB) + (BCD → DBC) = 0
(2.27)

and Eq. (2.27) with Ψ21 replaced by Ψ22. Contracting
Eq. (2.26) with n A′

C and integrating over the three-
surface gives

3
4

(
16π2

)
h̄gABCΨ41 +

2
3

(
16π2

) (
A2 +B2 + C2

)
Ψ22
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+
2
3
h̄κ2

(
A
∂Ψ22

∂A
+B

∂Ψ22

∂B
+ C

∂Ψ22

∂C

)
= 0 . (2.28)

Contracting Eq.(2.27) with eBA′�nCC′e C′N
D , multi-

plying by δh�n = ∂h�n/∂A and integrating gives

3h̄κ2 ∂Ψ21

∂A
− h̄κ2A−1

(
A
∂Ψ21

∂A
+B

∂Ψ21

∂B
+ C

∂Ψ21

∂C

)

−16π2BC

(
C

AB
+

B

CA
− 2

A

BC

)
Ψ21 = 0 , (2.29)

and two more equations given by permuting ABC
cyclically. The equation (2.29) also holds with Ψ21

replaced by Ψ22.
There is a duality between wave functions

Ψ
(
eAA

′
i, ψ

A
i

)
and wave functions Ψ̃

(
eAA

′
i , ψ̃A′

i

)
,

given by a fermionic Fourier transform [14]. The SA
and SA′ operators interchange rôles under this trans-
formation, and the rôles of Ψ0 and Ψ6, Ψ21 and Ψ42,
and Ψ22 and Ψ41 are interchanged. We shall proceed
by showing that Ψ22, Ψ21 and Ψ0 must vanish for
g �= 0 (or Λ �= 0), and hence by the duality the entire
wave function must be zero.

Consider first the equation (2.29) and its permuta-
tions for Ψ21 and Ψ22. One can check that these are
equivalent to

h̄κ2

(
A
∂Ψ21

∂A
−B

∂Ψ21

∂B

)
= 16π2

(
B2 −A2

)
Ψ21

(2.30)
and cyclic permutations. One can then integrate
Eq. (2.30) along a characteristic AB = const., C =
const., using the parametric description A = w1e

τ ,
B = w2e

−τ , to obtain

Ψ21 = h1(AB,C) exp
[
−8π2

h̄κ2

(
A2 +B2

)]
. (2.31)

Replacing A,B for B,C in Eq. (2.30) gives the solu-
tion

Ψ21 = h2(BC,A) exp
[
−8π2

h̄κ2

(
B2 + C2

)]
. (2.33)

Eqs. (2.31) and (2.33) are only consistent if Ψ21 has
the form

Ψ21 = F (ABC) exp
[
−8π2

h̄κ2

(
A2 +B2 + C2

)]
.

(2.34)
Similarly

Ψ22 = G(ABC) exp
[
−8π2

h̄κ2

(
A2 +B2 + C2

)]
.

(2.35)
Substituting Eqs. (2.34),(2.35) into Eq. (2.24), one

obtains

16π2gΨ0 = −2π2h̄(ABC)−1
(
A2 +B2 + C2

)
(exp)F

+
3
16

h̄2κ2(exp)F ′

+
2
3
(16π2)h̄(ABC)−1(2A2 −B2 − C2)(exp)G

(2.36)

and cyclically, where

exp = exp
[
− 8π2

h̄2κ2

(
A2 +B2 + C2

)]
. (2.37)

Now Ψ0 should be invariant under permutations of
A,B,C. Hence G = 0. I.e.

Ψ22 = 0 . (2.38)

The equation (2.36) and its cyclic permutations, with
Ψ22 = 0, must be solved consistently with Eq. (2.23)
and its cyclic permutations. Eliminating Ψ0, one finds

3h̄3κ4

16 (16π2g)
F ′′ − h̄2κ2

8g

(
A2 +B2 + C2

)
ABC

F ′

+6π2h̄gF − h̄2κ2

4g
1

B2C2
F

+
h̄2κ2

8g

(
A2 +B2 + C2

)
(ABC)2

F = 0 (2.39)

and cyclic permutations. Since F = F (ABC) is in-
variant under permutations, the (BC)−2F term and
its permutations imply F = 0. Thus

Ψ21 = 0. (2.40)

Hence, using Eq.(2.36),

Ψ0 = 0.

Then we can argue using the duality mentioned
earlier, to conclude that

Ψ41 = Ψ42 = Ψ6 = 0 . (2.41)

Hence there are no physical quantum states obeying
the constraint equations in the diagonal Bianchi-IX
model. This result will be discussed further in Sec.V.

Quantization of the Bianchi type-I model

The same conclusion can be reached for the case of a
(non-diagonal) Bianchi type I model. Following Ref.
[26], one can use the averaged ordering [5], with

p i
AA′ ψ̄A′

i −→ 1
2

(
ψ̄A′

ip
i

AA′ + p i
AA′ ψ̄A′

i

)
,

ψA
ip

i
AA′ −→ 1

2

(
ψA

ip
i

AA′ + p i
AA′ ψA

i

)
. (2.42)

With this ordering, there is a certain symmetry be-
tween the operators SA and S̄A′ as viewed in the two
representations Ψ

(
eAA

′
i, ψ

A
i

)
and Ψ̃

(
eAA

′
i, ψ̃

A′
i

)
,

provided one changes g → −g. However, the final
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result is not an artefact of the symmetric factor order-
ing (2.42) used here. One can repeat the calculations
using a general factor ordering

p i
AA′ ψ̄A′

i −→ (
1
2 + s

)
ψ̄A′

ip
i

AA′ +
(

1
2 − s

)
p i
AA′ ψ̄A′

i ,

ψA
ip

i
AA′ −→ (

1
2 − s

)
ψA

ip
i

AA′ +
(

1
2 + s

)
p i
AA′ ψA

i ,

(2.43)

to reach the same conclusion.
Let us begin with the constraint S̄A′Ψ = 0 at order

ψ1. This gives [26,43](
−3
4
h̄gΨ21 +

4
3
h̄κ2h

1
2hij

∂Ψ0

∂hij
− h̄κ2Ψ0

)
nAA′βA

− 1
2eBB′in

B′
C eAA′jγ

ABC ∂Ψ0

∂hij
= 0, (2.44)

for all βA and γABC . Take the symmetrized co-
efficient of γABC = γ(ABC) and contract it with
eAA

′
kn

BC′
eCC′� to get

(3hikhj� − hk�hij)
∂Ψ0

∂hij
= 0 . (2.45)

Since the ∂ h
∂ hij

= h hij , the general solution of (2.45)
may be taken in the form

Ψ0 = A f(u), u ≡ B hm, (2.46)

where A,B,m are constants. Taking now the βA part
of Eq.(2.44) and using Eq. (2.46) we get

−3
4
h̄gΨ21 + 4h̄κ2Af

′
Bmhm+

1
2 − h̄κ2Af = 0, (2.47)

where (′) denotes a derivative with respect to the u
variable. In the case g = 0 (Λ = 0) one would get a
bosonic as well as a filled fermionic sector of the form
exp(− 1

2h
−1

2 ). The other intermediate sectors will be
absent [8,43]. However, in the case of g �= 0 one gets
as solutions

Ψ21 =
4
3
g−1Aκ2(4f

′
Bmhm+

1
2 − f) . (2.48)

The constraint SAΨ = 0 at order ψ1 can be shown
to yield

2gh
1
2Ψ0βA − 1

4
h̄2κ2h− 1

2hij
∂Ψ21

∂hij
βA

− 8
3
h̄2κ2h− 1

2Ψ22βA − 9
8
h̄2κ2Ψ21βA

− 4eAA′kD
BA′

jin
C′

E e j
DC′ εBCh

m+
1
2
∂Ψ22

∂hik
γCDE

(2.49)

for all βA and γCDE . From the γCDE part of Eq.(2.49)
one gets an equation for Ψ22 like Eq.(2.45) and then

the solutions Ψ22 are of the form of Eq.(2.48). Now
let us consider the S̄A′Ψ = 0 at order ψ3. This reads

h̄geBA′je
j

BC′ n
C′

C Ψ41β
CγDEF γ

DEF

− h̄κ2h
1
2
8
3
nBC′eEC′

keBA′j
∂Ψ22

∂hjk
βEγACDγ

ACD

+ 2h̄κ2h
1
2nEC′eFC

′
k eBA′j

×
(
∂Ψ21

∂hjk
βAβAγ

B
FE +

∂Ψ22

∂hjk
γB

FE
γACDγ

ACD

)
− 1

2 h̄κ
2
(

1
2nAA′γADP γFDPβ

F

−4
3
nPA′βDγFDPβ

F
)
Ψ21

− 1
2
h̄κ2Ψ22

 8
3nCA′βBγ

B
DA

γACD

−2nEA′βAγBDA
γABD

+4nEA′γBDA
γACDγ

CBE

 = 0

(2.50)

for all βA and γBCD. Taking the part

−4h̄κ2h
1
2nEC′eFC

′
k eBA′j

∂Ψ22

∂hjk
γB

FE
γACDγ

ACD

−2h̄κ2nEA′γBDA
γACDγCBEΨ22 = 0

and substituting the solution for Ψ22 of the form of
Eq.(2.46), we get that the term in γB

FE
γACDγ

ACD is
zero and so Ψ22 = 0. Using this result back into Eq.
(2.49) together with Eq. (2.46) and (2.49) we obtain
the following equation for f :

2gAhf +
3
4
h̄κ4g−1Af − 2h̄κ4g−1ABmhm+

1
2 f

′

− 4h̄κ4g−1ABm2hmf
′ − 4h̄κ4AB2m2h2m+

1
2 f ′′ = 0.

(2.51)

Expanding f, f
′
and f

′′
in a power series with respect

to the u-variable and substituting back into Eq.(2.51)
one concludes that for the constraint to be satisfied
at any moment of time one needs that A = 0, this to
say that Ψ0 = Ψ21 = 0. Using the duality mentioned
earlier, we again argue to conclude that Ψ41 = Ψ42 =
Ψ6 = 0. Hence, there are no physical states in the
Bianchi - I case either.

III. Quantization of the k = +1 FRW
Model with a Λ-Term

The k = +1 Friedmann model without a Λ term has
been discussed in [2,6]. There are two linearly inde-
pendent physical quantum states. One is bosonic and
corresponds to the wormhole state [16], the other is
at quadratic order in fermions. The Hartle–Hawking
state [17] is also found [15]. In the Friedmann model
with Λ term, the coupling between the different fermi-
onic levels ‘mixes up’ this pattern [4].
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In the Friedmann model, the wave function has the
form [6]

Ψ = Ψ0(A) +
(
βCβ

C
)
Ψ2(A) . (3.1)

As part of the Ansatz of [6], one requires ψA
i =

eAA
′
iψ̃A′ and ψ̃A

i = eAA
′
iψA; this is in order that

the form of the one-dimensional Ansatz should be
preserved under one-dimensional local supersymme-
try, suitably modified by local coordinate and Lorentz
transformations. Thus the gravitino field is truncated
to spin 1

2 . Note that βA = 3
4n

AA′
ψ̃A′ .

One then proceeds as in Sec. II to derive the con-
sequences of the SA′Ψ = 0 and SAΨ = 0 constraints
at level ψ1, by writing down the general expression
for a constraint and then evaluating it at a Fried-
mann geometry. Note that it is not equivalent to set
A = B = C in Eqs. (2.23) and (2.24); the coefficients
in the constraint equations are different. One then
obtains

h̄κ2 dΨ0

dA
+ 48π2AΨ0 + 18π2h̄gA2Ψ2 = 0 (3.2)

and

h̄2κ2 dΨ2

dA
− 48π2h̄AΨ2 − 256π2gA2Ψ0 = 0 . (3.3)

These give second-order equations, for example

A
d2Ψ0

dA2
− 2

dΨ0

dA

+
[
−48π2

h̄κ2
A− (48)2π4

h̄2κ4
A3 +

9× 512π4g2

h̄2κ4
A5

]
Ψ0 = 0.

(3.4)

This has a regular singular point at A = 0, with in-
dices λ = 0 and 3. There are two independent solu-
tions, of the form

Ψ0 = a0 + a2A
2 + a4A

4 + . . . ,

Ψ0 = A3
(
b0 + b2A

2 + b4A
4 + . . .

)
, (3.5)

convergent for all A. They obey complicated recur-
rence relations, where (e.g.) a6 is related to a4, a2

and a0.
One can look for asymptotic solutions of the type

Ψ0 ∼ (
B0 + h̄B1 + h̄2B2 + . . .

)
exp (−I/h̄), and find

I = ±π2

g2

(
1− 2g2A2

) 3
2 , (3.6)

for 2g2A2 < 1. The minus sign in I corresponds to
taking the action of the classical Riemannian solution
filling in smoothly inside the three-sphere, namely a
portion of the four-sphere S4 of constant positive cur-
vature. This gives the Hartle–Hawking state [17]. For
A2 >

(
1/2g2

)
, the Riemannian solution joins onto the

Lorentzian solution [36]

Ψ ∼ cos
{
h̄−1

[
π2

(
2g2A2 − 1

) 3
2

g2
− π

4

]}
, (3.7)

which describes the de Sitter space-time.

IV. Other Approaches: σ−Model Su-
persymmetric Extension and Ashte-
kar Canonical Quantization

In this section we describe briefly other approaches
to study the quantization of cosmological models with
supersymmetry, which allows one to extract similar
conclusions.

The σ−model supersymmetric extension in quan-
tum cosmology has been developed by R. Graham
and collaborators [4,5,28,29]. As is well known, the
geometrodynamics of the Bianchi models reduce, for-
mally, to the Hamiltonian dynamics of a particle with
coordinates qµ̃ in a three or two dimensional poten-
tial V (qµ̃) [35]. In this approach, quantum models are
constructed by coupling additional fermionic degrees
of freedom to the purely gravitational ones (the min-
isuperspace vielbein) in such a way that the coupled
system acquires a larger symmetry, namely local su-
persymmetry. The supersymmetric extension of a par-
ticle motion in a potential well is treated by supersym-
metric quantum mechanics [28]. The case of dynamics
on a curved manifold with metric ds2 = g̃µ̃ν̃dq

µ̃dqν̃ ,
where g̃µ̃ν̃ is the minisuperspace metric, has been stud-
ied in the N=2 supersymmetric model σ−model [28].
Supersymmetry than requires that the potential V (qµ̃)
must be derivable from an underlying superpotential
Φ(qµ̃) as

V (qµ̃) = 1
2 g̃µ̃ν̃

∂Φ
∂qµ̃

∂Φ
∂qν̃

. (4.1)

Such conditions were verified for the Bianchi type I, II,
VII, VIII, IX, Kantowski-Sachs, Taub and Taub-Nut
models.

It is important to note that this supersymmetry ex-
tension of Hamiltonian dynamics of a particle only
leads to a N=2 supersymmetry. By contrast, from
(1+3) dimensional N=1 supergravity a dimensional re-
duction allows one to obtain a (1+0)-dimensional the-
ory with N=4 supersymmetry [28,29]. (The extension
of R. Graham’s approach to N=4 is non-trivial but
such an extension has been provided for the case of a
Bianchi type-IX without matter [29]). One may con-
sider the N=2 supersymmetry as a subsymmetry of the
larger N=4 supersymmetry obtained from supergrav-
ity and an attempt to clarify that connection explicitly
would be interesting. In particular [28], while in the
N=2 supersymmetry extension it is possible to con-
struct solutions in all fermionic sectors, this is differ-
ent from N=4 supersymmetry minisuperspace models,
in which an additional internal rotational symmetry
inherited from the Lorentz invariance of supergravity
rules out all states except those in the empty and filled
fermionic sectors. It is also curious to mention, even
if not yet clear, that if the minisuperspace metric is
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Wick-rotated (i.e., the scale factor is complexified) this
leads to the same restrictions of physical states as the
requirement of all the symmetries included in the N=4
supersymmetry models.

The application of the σ−model supersymmetry
extension programme to a general non-diagonal Bian-
chi type-IX model with a cosmological constant term
is given in Refs.[5, 28]. The complete Hamiltonian
and the classical constraints of the model are then de-
rived. The system is quantized à la Dirac, replacing
brackets by commutators or anti-commutators and the
canonical momenta by appropriate derivatives with re-
spect to the canonical coordinates. However, this su-
persymmetry framework was then applied to the par-
ticular case of a closed Friedmann-Robertson-Walker
case. The wave function of the Universe can be writ-
ten as

|Ψ〉 = (Ψ0 +Ψac
†
a +ΨaΛc

†
Λc

†
a +ΨΛc

†
Λ)|0〉 , (4.2)

where c†a, c
†
Λ stand for a set of creation operators that

replace the fermionic partners in a Fock state repre-
sentation; |0〉.

From the N=2 supersymmetry constraints R. Gra-
ham obtains that the admissable solution is of the
form

Ψ0 = ΨaΛ = 0 , (4.3)

ΨWBK
a(Λ) =

{
(−)1 +

[
1− 2Λ

9π2
6πa2

]−1/2}1/2

× exp
(
− 1

2

∫ 6πa2

0

du

√
1− 2Λ

9π2
u

)
, (4.4)

which in the limit a → 0 gives Ψa → 0; ΨΛ →
exp(−Φ) where Φ is the superpotential previously de-
scribed and Φ = 3πa2 . For 6πa2 > [2Λ/(9π2)]−1 the
exponent in (4.4) is oscillatory. These results point
to the wave function as being in the the initial state
found by Vilenkin [37], apart from the appearance of
additional Grassmann variables.

Now, let us make some brief comments about
canonical quantization of supergravity using Ashte-
kar variables. Recently Ashtekar has presented a new
formulation of Einstein gravity. One of the remarkable
features of this formalism is that the constraints of
gravity are simple polynomials of the canonical vari-
ables. So the constraints are more manageable than
the ones expressed in the metric representation. One
may hope that this feature persists in the canonical
quantization of N = 1 supergravity. This turns out
to be true: the supersymmetry constraints are again
simple polynomials of the canonical variables.

The Ashtekar formalism of the N = 1 supergravity
has been formulated by Jacobson [31]. Capovilla and
Guven [38] have successfully carried out the quantiza-
tion of all the Bianchi type A models using this for-
malism. They obtained similar results to D’Eath [9].

Recently Capovilla and Obregon [33], Sano and Shi-
raishi [32] have also studied the quantization of the N
= 1 supergravity with a cosmological constant. In
[32] they found a semi-classical solution in the full
theory. It has the form of exponential of the N =1
supersymmetric extension of the Chern-Simons func-
tional. They applied this semi-classical wavefuction to
the FRW universe using WKB approximation. The
general line element is

ds2 = −dτ2 +
σ

8
d2Ω , (4.5)

They have considered four cases: τ : real, σ < 0; τ :
imaginary, σ > 0; τ : real, σ > 0; τ : imaginary, σ <
0. They try to find the classical solution of σ under
these 4 cases. In the first case, the universe has the
form of an Euclidean hyperbola. In case 2, the uni-
verse is a 4-sphere. In case 3, it is an open universe.
In the last case, there is no solution.

The reality condition on the gravitino is the Ma-
jorana condition. Their solution does not satisfy this
condition in general. To obtain the real solution, they
must transform the solutions by the transformations
corresponding to the symmetries in the theory. They
did not solve this problem in [32] and will consider it
on another occasion.

In [33], the quantization of the class A Bianchi
Models was studied. In the following, we describe
briefly the work of Capovilla and Obregón.

The canonical variables are

σ̃iAB , A
AB
i , ψiA, π̃

iA , (4.6)

where A AB
i is a self-dual connection, σ̃iAB is a densi-

tized SU(2) soldering form where

σ̃iAB = ih
1
2nAA

′
eiBA′ , (4.7)

and det(q)qij = σ̃iABσ̃jAB . Here π̃iA is the momen-
tum conjugate to ψiA.

In class A Bianchi Models, a triad of basis vectors
satisfies

[Xa,Xb]i = C c
ab Xi

c , (4.8)

where C d
ab = εabcM

cd denote the structure constant
and Mab = M ba.

The Jacobson phase space variables may be ex-
panded with respect to the triad vectors and their du-
als χai

A B
iA = A B

aA χai , (4.9a)

σ̃iAB = det(χ)σaABXi
a , (4.9b)

ψ A
i = ψ A

a χai , (4.9c)

π̃iA = det(χ)πaAXi
a , (4.9d)

The fundamental Poisson brackets are given by

{σaAB, AbCD} =
i√
2
δbaδ

A
(C δ B

D) , (4.10)

{πaA, ψbB} =
i√
2
δab δ

A
B . (4.11)
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Because of the use of the self-dual connection as a
field variable, we need to impose the reality condition
[39] for the construction of the inner product of the
physical wave function. However, we will not need it
in here because one finds that the only physical wave
function is the trivial one. In quantum theory we get
from the triad representation

A AB
a =

1√
2

∂

∂σaAB
, (4.12)

πaA =
1√
2

∂

∂ψ A
a

. (4.13)

Using this ansatz, one obtains

SA =
1
2

∂2

∂σaAB∂ψ
B

aA

+ i2
√
2m (σaψa)

A
, (4.14)

S̄A = −1
2
εabdM

dc(σaσbψc)A

+
1√
2

(
σ[aσb]

∂ψb
∂σa

)A
− i2mh− 1

2

(
σa

∂

∂psiaA

)A
(4.15)

where Λ = −4m2.
The last terms in SA, S̄A are the contributions

from the cosmological constant. The supersymmetry
constraints here are simpler than those in the met-
ric formulation. Using the same decompositon of the
gravitino field and the same ansatz of the wavefunc-
tion, one again obtains a set of equations. The only
solution which satisfies this set of equations is the triv-
ial solution: there are no physical states. The simple
polynomial form of the constraints suggests that the
study of the full theory with a cosmological constant
term might be easier in this formalism.

V. Conclusion

The results hereby present as well as the ones in Ref.
[26,27,43] and the ones of Capovilla and Obregon [33]
indicate that for Bianchi models in N = 1 Super-
gravity with a Λ-term there are no physical quantum
states. The physical states found in Sec. III for the
k = +1 Friedmann model, where the degrees of free-
dom carried by the gravitino field are βA, disappear
when the further fermionic degrees of freedom γABC

of the Bianchi-IX model are included.
One could also study this from the point of view

of perturbation theory about the k = +1 Friedmann
model. As well as the usual gravitational harmonics
[40], gravitino harmonics can be used [41]. For ex-
ample, the Bianchi-IX model with radii A,B,C close
together describes a particular type of ‘gravitational
wave’ distortion of the Friedmann model; similarly for
the γABC of the Bianchi-IX model, which describes a
particular ‘gravitino wave’ distortion. Quite generally,
in perturbation theory [40,42] one expects to find a

wave function which is a product of the background
wave function Ψ(A) times an infinite product of wave
functions ψn (perturbations) where n labels the har-
monics. And one further expects that the perturbation
wave function corresponding to the Bianchi-IX modes
must be zero, by a perturbative version of the argu-
ment of Sec. II. [It will be interesting to investigate
this.] Hence the complete perturbative wave function
should be zero; then physical states would be forbid-
den for a generic model of the gravitational and grav-
itino fields with Λ-term. This suggests that the full
theory of N = 1 supergravity with a non-zero Λ-term
should have no physical states.
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