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The analysis [1, 2] of neutrino conversion and oscillations between two neutrino species induced by strong magnetic
fields is generalized for the particular case of twisting magnetic fields. It is shown that the critical value of the
magnetic field strength B̃cr as a function of the characteristics of neutrinos in vacuum (∆m2

ν , θ), neutrino magnetic
(transition) moment µ̃ and energy E, the effective particle density of matter neff , and also accounting for the
variation of magnetic field along the neutrino trajectory (twisting magnetic field), can be much lower than that for
the case of a fixed magnetic field.

In our previous studies [1, 2] we have introduced the
critical magnetic field strength Bcr(∆m2

ν , θ, neff , E)
(where ∆m2

ν = m2
2 −m2

1, m1 and m2 are the two neu-
trino masses, θ is the vacuum mixing angle, neff is the
effective particle density of matter, µ̃ is the neutrino
magnetic or transition moment, E is the neutrino en-
ergy) that determines the range of fields (B ≥ Bcr)
for which the magnetic field induced neutrino con-
version and oscillations become important. Some ap-
plications to neutrinos in magnetic fields of neutron
stars, supernovae, the Sun and also neutrinos in in-
terstellar galactic magnetic fields have been discussed.
In particular, we have predicted the existance of the
“cross-boundary effect” (CBE) that leads to a factor of
two decrease in amount of initially emitted left-handed
electron neutrinos νeL

in the bunch as a result of con-
version of νeL

to another neutrino specie (for example,
to νeR

) and subsequent neutrino oscillations induced
by strong magnetic field. One of our conclusions that
has come from these studies of neutrino conversion and
oscillations in different environments is that the influ-
ence of magnetic fields becomes important if the field
strength is rather high (B ≥ 1012 ÷ 1014 G) and/or
the magnetic (transition) moment of neutrinos is big
(µ̃ ∼ 10−10 ÷ 10−11µB). In [1, 2] we have not taken
into account the possibility of a change of the trans-
verse magnetic field along the trajectory of neutrinos.
However, the twisting magnetic field are of physical in-
terest and can have an important impact, for example,
on Solar and supernova neutrinos (see, for example,
[3]).

In this paper we generalize the analysis of [1, 2]
for the case of twisting magnetic fields and show that
the account for the field variation can substantially
decrease the critical strength of magnetic fields (B̃cr).
From this it follows that the magnetic field induced
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neutrino conversion and oscillations in the case of
twisting field may become important for much smaller
values of magnetic field strengths and/or neutrino
magnetic (transition) moments than it is in the case
of a fixed field. We again restrict our consideration, as
in [1, 2], to the case of two neutrino flavours, νe and
νµ. In vacuum the flavour eigenstates νe and νµ can
be expressed in terms of the mass eigenstates ν1 and
ν2:

νe = ν1 cos θ + ν2 sin θ,

νµ = −ν1 sin θ + ν2 cos θ,
(1)

where θ denotes the vacuum mixing angle.
The evolution of neutrinos propagating in matter

and transverse twisting magnetic field 
B = 
B⊥eiφ(t),
(the angle φ(t) defines the direction of the field in the
plane orthogonal to the neutrino momentum) is de-
scribed by the Schrödinger-type equation

i
d

dt
ν(t) = Hν(t), (2)

where the Hamiltonian H can be expressed as a sum
of the four terms

H = HV +Hint +HF +Hφ̇. (3)

Here HV , Hint and HF contain contributions from,
respectively, a vacuum mass matrix and neutrino in-
teractions with matter and the magnetic field and the
last term Hφ̇ accounts for the effect of rotation (twist-
ing) of the magnetic field.

If for the case of Dirac neutrinos one uses the bases
in which neutrinos have a definite projection along the
direction of propagation

ν = (νeL
, νµL

, νeR
, νµR

),

then the Hamiltonian is given by
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HD =




V− ∆m2
νs/(4E) µeeB µeµB

∆m2
νs/(4E) V+ µµeB µµµB

µeeB µµeB −∆m2
ν/(4E) + φ̇/2 0

µeµB µµµB 0 ∆m2
ν/(4E) + φ̇/2


 , (4)

V− = −(∆m2
ν)/(4E)c+ Vνe

− φ̇/2, V+ = (∆m2
ν)/(4E)c+ Vνµ

− φ̇/2,

Vνe
=

√
2GF

(
ne − 1

2
nn

)
, Vνµ

= −1/
√
2GF nn (5)

where ne and nn are the electron and neutron number densities. The Hamiltonian (4) corresponds to the case of
sterile neutrinos νeR

and νµR
.

For the two Majorana neutrinos in the bases written as ν = (νe, νµ, ν̄e, ν̄µ) in the corresponding Hamiltonian

HM =




V− ∆m2
νs/(4E) 0 µB

∆m2
νs/(4E) V+ −µB 0
0 −µB V− + φ̇ − 2Vνe

∆m2
νs/(4E)

µB 0 ∆m2
νs/(4E) V+ + φ̇ − 2Vνµ


 . (6)

µ denotes the flavour transition magnetic moment.
Using these Hamiltonians, we can consider different neutrino conversion processes νi → νj and the correspond-

ing neutrino oscillations νi ↔ νj induced by the magnetic field such as

νeL
→ νeR

, νeL
→ νµR

, νeL
→ ν̄µR

. (7)

The probability of neutrino conversion from the type j (νj) to the type i (νi) in passing a distance x in matter
and twisting magnetic field is

P (νi → νj) = sin2 2θeff sin2
( πx

Leff

)
, i �= j, (8)

while the survival probability is
P (νi → νi) = 1− P (νi → νj), (9)

where the effective mixing angle θeff and the effective oscillation length Leff are given by

tan 2θeff =
2µ̃B

(∆m2
ν/2E)A −√

2GF neff + φ̇
, (10)

Leff = 2π
[(∆m2

ν

2E
A −

√
2GF neff + φ̇

)2

+ (2µ̃B)2
]− 1

2
. (11)

Note that the effective mixing angle θeff and the effective oscillation length Leff depend on the magnetic field
rotation characteristic φ̇ along the neutrino path (see also [3, 4, 5]).

For different neutrino conversion processes (7) µ̃, A and neff are equal to

µ̃ =

{µee for νeL
→ νeR

µeµ for νeL
→ νµR

µ for νeL
→ ν̄µR

, (12)

A =




1
2 (cos 2θ − 1) for νeL

→ νeR

1
2 (cos 2θ + 1) for νeL

→ νµR

cos 2θ for νeL
→ ν̄µR

, (13)

neff =
{

ne − nn for νeL
→ ν̄µR

ne − 1
2nn for νeL

→ νeR,µR

(14)

As it was in the case of a non-twisting magnetic field [1, 2], the probability (10) may have a considerable value
(the neutrino conversion processes and oscillations become important) if the following two conditions are valid:

(i) the “oscillation amplitude” sin22θeff is far from zero (or sin22θeff ∼ 1), and

(ii) the length x of the neutrinos path in the medium must be greater than the effective oscillation length Leff

(x ∼ or > Leff/2).

The condition (i) is realized if tan 2θeff ≥ 1, then from (10) it follows that at least one of the following two
relations must be satisfied:

(a) (∆m2
ν/2E)A −

√
2GF neff + φ̇ = 0 (µ̃B �= 0); (b) 2µ̃B ≥

∣∣∣(∆m2
ν/2E)A −

√
2GF neff + φ̇

∣∣∣. (15)
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Let us consider the relation (15b) and assume that
the right-hand side is nonzero. By analogy with the
case of a non-twisting magnetic field [1, 2], from (15b)
we determine the critical magnetic field strength

B̃cr =
∣∣∣∣ 12µ̃

(∆m2
νA

2E
−
√
2GF neff + φ̇

)∣∣∣∣ (16)

that constrains the range (B ≥ B̃cr) of field strengths
for which the value of sin2 2θeff is not small (i.e., at
least is not less than 1

2 ) for all possible values of the
right-hand side term in (15b).

It is also possible to express B̃cr in a form more
convenient for numerical estimation :

B̃cr ≈ 43
(µB

µ̃

)∣∣∣ − (
2.5

neff

1031cm−3

)

+ A
(∆m2

ν

eV 2

)(MeV

Eν

)
+ 2.5

(1m
Lφ̇

)∣∣∣ [Gauss], (17)

where Lφ̇ = 2π/φ̇.
For the case of strong magnetic fields (B > B̃cr),

sin2 2θeff ≈ 1, we find that for large enough lengths of
a neutrino νi path given by x ≈ Leffk/2, k = 1, 2, . . .
in the magnetized medium characterized by neff the
probability (8) of the conversion process νi → νj can
reach a value of the order of P (νi → νj) ∼ 1.

Therefore, an initially emitted, for example, left-
handed neutrino can undergo on the path length x ≥
Leff/2 a conversion to a right-handed (anti)neutrino.
These oscillation processes obviously take place only
in the presence of strong magnetic fields B 
 B̃cr

and the oscillation length Leff , as follows from (11), is
Leff ≈ LF = π/µ̃B. For B � B̃cr the magnetic field
influence is unimportant and oscillations (if they ex-
ist) are completely determined by the vacuum mixing
angle and neutrino interaction with matter.

Now let us consider the possibility of twisting mag-
netic field induced neutrino conversion and oscillations
(for definiteness we choose the process νeL

→ νeR
) in

the Sun’s convective zone. We first estimate the crit-
ical field strength using Eqs.(16) or (17) with the fol-
lowing values of neutrino and matter characteristics:
∆m2

ν = 10−4 eV 2, sin 2θ = 0.1, Eν = 20 MeV, neff ∼
ne ≈ 1023 cm−3. We assume for the field variation in
the convective zone along the neutrino path that φ̇ > 0
and use the estimate of Refs.[3,5]: Lφ̇ ∼ 0.1R⊙ ≈
7× 107 m, R⊙ = 7× 108 m is the solar radius. Sub-
stituting all that to the three terms of (17), we get

B̃cr ≈
(µB

µ̃

)∣∣∣ − 10−6 − 5× 10−7 + 1.43× 10−6
∣∣∣ G

= 7× 10−8
(µB

µ̃

)
G. (18)

Thus it is obvious that taking into account the
magnetic field twisting reduces the critical field value
B̃cr to the order of 7% of the value Bcr corresponding
to the case of a non-twisting field.

It is supposed that a typical magnetic field value in
the convective zone is of the order of Bcon ∼ 105 G. It
follows from (18) that Bcon exceeds B̃cr if the neutrino
magnetic (transition) moment exceeds µ̃ ≥ 10−12µB .

According to the second condition for the magnetic
field induced neutrino conversion and oscillations to
become important, the effective oscillation length Leff

(Eq.(11)) must be of the order or less than the depth of
the convective zone Leff ≤ 1

2Lcz. This last condition
holds if µ̃ ∼ 10−11µB for the magnetic fields in the
convective zone B ∼ 105 G.

We can conclude that the variation (twisting) of
the magnetic field along the neutrino path in the solar
convective zone relaxes the critical field strength B̃cr

to the values which can be relevant for the stimula-
tion of a visiable neutrino conversion and oscillations
if the neutrino magnetic moment is of the order of
µ̃ ∼ 10−11µB .

There is also an important increase in the magnetic
field induced neutrino conversion and oscillations as
compared to what have been discussed in Refs.[1, 2]
when one takes into account the possible field twisting
in supernovae and neutron stars. The phenomenolog-
ical implications of this effect for neutrinos in super-
novae and neutron stars will be considered elsewhere.

Now, continuing the discussions of Refs [1,2], we
should like to mention that the CBE can take place not
only at the surface of the neutron star (when neutrinos
escape the neutron star matter and start their travel
in the empty space where particle number densities
ne, nn, np → 0). The CBE can effectively appear for
the Majorana neutrinos passing through inner layers of
the neutron star composed of silicon, oxygen, nitrogen,
carbon and helium for these shells neff = ne −nn → 0.
Due to the CBE in the inner layers of the neutron
star a reasonable amount of active neutrinos can be
converted to the sterile (non-interacting with matter)
neutrinos able to cause changes in the process of neu-
tron stars cooling.
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