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It is argued heuristically — using an S® x S® minisuperspace model — that there might be a fundamental mechanism
(based on either quantum gravity or classical signature change) that stabilizes internal spaces with non-vanishing

Ricci curvature.

1. Introduction

In this contribution, I would like to present a particu-
lar speculation in a quite heuristic manner. It concerns
the stabilization of scale factors belonging to internal
spaces. The underlying physical problem is provided
by the typical classical behaviour of scale factors in the
very simplest higher-dimensional cosmological models
(see e.g. Refs. [1-3]): some blow up, while the others
usually collapse, either approaching zero asymptoti-
cally or running into a singularity after a finite amount
of proper time ("crack of doom”). The papers [1] and
[2], as well as the references contained therein provide
examples for these two types. Even those rare classi-
cal solutions which evolve towards finite values of the
internal scale factors are unstable against small per-
turbations — in contrast to what we observe (clap your
hands, and you will certainly not cause an internal
space to collapse).

Stabilization of an internal space can be achiev-
ed in more sophisticated models in which a particu-
lar interaction between gravity and matter may cap-
ture some of the scale factors near a (possibly lo-
cal) minimum of an effective potential. (Maybe the
most popular approaches are those inspired by higher-
dimensional supergravity theories). For a selection of
some papers on this issue, see Refs. [4-9]. Some au-
thors considered an effective R?-action for gravity [10],
the use of finite temperature quantum field theoretic
methods (see e.g. Ref.[11]), or cosmological models
based on the theory of superstrings [12]. It is worth,
however, thinking about the possible existence of pure
gravitational mechanisms causing a comparable effect
in a logically and technically simpler way (by "pure” I
mean that matter enters a model in a very simple or

ITalk given at the International School-Seminar "Multidi-
mensional Gravity and Cosmology”, Yaroslavl, June 20-26, 1994.
2e-mail: fe@pap.univie.ac.at

even a more or less symbolic form, e.g. as a massive
scalar field or a cosmological constant). One such pos-
sibility might be provided by the gravitational Casimir
effect [13], but this is not very much clear by now.

Another area in which a "pure gravity” solution to
the stabilization problem may be looked for is marked
by the minisuperspace approaches to quantum cosmol-
ogy [14-17], based on the (possibly path integral mo-
tivated) Wheeler-DeWitt equation and boundary con-
ditions for the wave function of the universe. Con-
cerning these attempts, one must say that only few
solutions to few models are known. There is especially
one model — maybe the most natural to consider in
this context — that is remarkably resistent against an-
alytical methods: a ten-dimensional space-time with
S3 x SO as spatial sections, and a positive cosmologi-
cal constant A. (I will definitely refuse to assume the
existence of a supergravity-inspired rank six antisym-
metric tensor field which would generate stability of
the S5 by virtue of a Freund-Rubin mechanism [18];
see also Ref. [7]). This model I will talk about, some-
times using S3 x T for comparison.

By the shorthand notations used above I mean the
class of metrics

ds? = =N (t)2dt* + a, (t)2do? + ay(t)?do? (1)

where do? is the metric on the unit three-sphere, and
do? is the metric on the unit six-sphere (or on the
flat unit six-torus, in which case the internal dimen-
sions do not contribute a curvature term in the ac-
tion). This model (and, more general, S™ x S™ with
m,n > 2) showed up in some of the lists given by
other contributors at this conference (e.g. A. Zhuk),
and it was implicitly declared "non-fully-integrable” in
the sense of not being reducible to an (integrable) To-
da system. We shall see that this characterization is
possibly connected with physically desirable proper-
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ties. The mathematical problem is that one has to
treat the two scale factors a; and as on essentially
the same footing — there seem to be very few possi-
bilities to get rid of one degree of freedom (e.g. by
perturbative approximations). This is in contrast, for
example, to the Friedmann-Robertson-Walker (FRW)
models with a single scalar field ¢ [15], where, in a first
approximation, ¢ appears only through the effective
cosmological constant V(¢), and the two dimensions
of minisuperspace are reduced to one. As a conse-
quence, the application to (1) of methods developed
for simpler models [6, 14, 15, 16, 17] is likely to be
problematic, and we are far from knowing the set of
all physically reasonable quantum states. Some mate-
rial on this model may be found in Refs. [19, 8, 9, 7].

In order to develop my speculation, let me outline
briefly what one usually does in minisuperspace quan-
tum cosmologies, using (1) as a starting point. (For
an excellent introduction to this subject see Ref.[17].)
The Einstein-Hilbert action for ten-dimensional grav-
ity, including a (positive) gravitational constant and
the usual boundary term that subtracts a divergence,
is given by

S=-C dP2/=g(""R+2A)
Mo
—2C d°zvVhK, (2)
Mo
where

m2

C= f(volume of internal space today) ™",  (3)
T

h;; is the metric induced by g,, on the boundary
OM1p and K is the trace of its extrinsic curvature.
The above choice of C ensures the correct gravita-
tional constant today. Inserting (1), one obtains an
action S = [dtL(a1,a2,a1,a2,N) that we will not
display (see e.g. Ref.[11]), but just mention that the
total volume of the ¢ = const space sections is given
by

V= d2zvVh = wala$, (4)

My
where w = 327°/15 in the S® case (then we define
k=1), and w = 2"7% in the T® case (k = 0).
Next we change variables according to

A
N = ——aN,
310 °
A2 2 2
u = @ 102, (5)
A3 .
v = ——= a1 A
540075 2

and make the definition (using A = ¢, and mp =

(p")
_ 374A
- 21/86 (wC)/4

1/4
() ) )
T \T\3v2 I I ’

the last identity being valid only in the k£ = 1 case

when ay compactifies. (Let us remark here that one

could consider any S™ (n > 2) instead of S®, but then

the prefactors and exponents in these definitions would

be even more messy). In these new variables, the ac-
tion (2) becomes

S— AL“H /dt (_UT\;} - NW(u,v)> W

where the potential is given by

Aeff

W (u,v) = —v — ku®/? 4 2u5/401/2, (8)

The corresponding Euclidean action (obtained by
sending ¢t — it, thus changing (1) into the Rieman-
nian metric ds% = N (t)2dt? + a1 (t)*do3 + a2(t)?do?)
reads

= é /dt (-% +NW(u, v)) T

The Wheeler-DeWitt metric reduces to dsiy, py =
—dudv, which shows that u and v are ”"lightlike” coor-
dinates in minisuperspace (both ranging from 0 to co).
We define the ”timelike” direction in minisuperspace
by dudv > 0. The Hamiltonian corresponding to (7) is
the well-known energy constraint

H =N (—pupy + Mg W(u,v)) (10)

that has to vanish (on the constrained phase space or

on physical quantum states, respectively). The classi-

cal (Lorentzian) solutions of this system must obey (in

the gauge N = 1)
uv =+ W,

i=+0,W, §==0,W, (11)

with the + signs (the first of these just meaning
H = 0); the corresponding Euclidean solutions —
following from variation of I — obey (11) with the
“7 gigns. Lorentzian and Euclidean solutions (tra-
jectories in minisuperspace) describe ten-dimensional
geometries when re-transformed and inserted into (1)
and its Euclidean counterpart, respectively. The vari-
ables chosen are such that the form of the classical
equations of motion is formally independent of A and
C.

A transition to quantum mechanics is achieved by
replacing p, — —i0y,, py, — —1i0, in H, thus leading to
the Wheeler-DeWitt equation

auv¢(ua U) = _Ae_f? W(u’ U) ’(/)(U,’U). (12)
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Figure 1: This plot displays, using a (u, v)-coordinate sys-
tem of minisuperspace, the zero-potential curve (dashed),
with its two asymptotic branches that are called "upper”
and "lower” in the text, as well as some classical Euclidean
trajectories. The instantons are represented by those two
curves which appear to end at W = 0 (they actually have
turning points there). The arrows indicate the direction
off the regular zero-geometry. Recall that the "timelike”
direction in minisuperspace is given by dudv > 0. This
may be considered defining a "light-cone” that is rotated by
45° against the usual one in the special relativistic (¢, x)-
diagrams.

The operator ordering has been chosen in the only
way that is consistent with general covariance un-
der transformations of all the three variables, includ-
ing the lapse function [17]. (Let us note in brack-
ets that by choosing other variables @ = a(u), v =
v(v), one can achieve various forms of the potential
W = W (du/du)(dv/dv) by transforming the lapse as
N = N(du/du)(dv/dv). However, the choice (8) seems
to me to be the best one.

Having set up convenient variables, let us now look
at some basic features of the model. (Clearly, in view
of (11, 12), all such features are contained in the po-
tential W, because the rest is fairly trivial). First we
note that there is a curve W = 0 (which may be found
by solving (8) with respect to v), lying entirely in the
interior of the minisuperspace (see Fig.1).

In the region W < 0 (which extends to the axes
u = 0 and v = 0), the Euclidean solutions are nec-
essarily timelike curves (with respect to the Wheeler-
DeWitt metric), the Lorentzian ones are spacelike
curves (cf. the first equation of (11)). The opposite
is of course true if W > 0. An escape of both scale
factors (aj,as) to large values is only possible inside
the W > 0 region which one is tempted to call the
“classical” one. The region W < 0 could then be called
the "quantum” or "Euclidean” regime. Note that the
two asymptotic branches of the zero-potential curve
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(v ~ 4u®/? for the "upper” and v ~ tul/? for the
"lower” branch in Fig.1) approach constant a; — £51/3
and ag — £5\/15, respectively (which is, if £y ~ {p,
what one expects from a classical/quantum transition
regime).

Moreover, the curve W = 0 provides all points in
which a classical Euclidean solution may be matched
smoothly to a Lorentzian one. It is not quite clear
which role Euclidean trajectories should play in a sen-
sible quantum cosmology, but in some of the most
prominent approaches they provide a key for finding
the state of the universe. Euclidean trajectories de-
scribing regular ten-geometries emerge from the origin
(u(0) = v(0) = 0) and behave there like v ~ cju®/2,
then a1 (0) = finite) or v ~ cou'/?, then ay(0) = finite).

One usually singles out two particluar Euclidean
solutions as ”instantons” one being along the curve
v = (9/16)u’/? (in W < 0) and the other along v =
(4/9)u'/? (in W < 0, too). They give rise to the Rie-
mannian ten-geometries S x S7 and S* x S%, respec-
tively, and are the only Euclidean solutions starting
at the origin and having a turning point (¢ = v = 0,
i.e. zero extrinsic curvature) at W = 0. They are
usually considered as the preferred candidates describ-
ing the coming-into-(classical)existence of the universe
by quantum tunneling [7, 8, 9, 19]. In Fig.1, these
instantons, as well as several other typical Euclidean
trajectories, are displayed.

When expressed in terms of their proper time
(M = 1), the Lorentzian solutions either expand in
both scale factors a; and ag exponentially (thus de-
scribing inflation without compactification), or expand
in one scale factor and contract in the other, there-
by entering the "quantum” region W < 0 and finally
collapsing towards one of the axes in a Kasner-type
singularity (a3 — oo while ag — 0, or vice versa). The
only solutions that compactify are the Lorentzian ana-
logues of the two instantons (lying on the same curves
as these, but now in the region W > 0), and even
these are unstable against small perturbations. Each
of these two very special solutions are characterized by
one scale factor being actually constant (a; = £5v/8
and ay = £4/20, respectively). In the approaches that
connect the instantons to the most probable classical
evolution of the universe [7, 8, 9, 19], this last number
is interpreted as the actual Kaluza-Klein scale factor.
In Fig.2, some Lorentzian trajectories are shown.

Comparing this structure with the k¥ = 0 case, we
find that there the zero-potential curve W = 0 is just
given by v = 4u®/2, and the lower asymptotic branch
has disappeared.

Can a transition from the classical trajectories sat-
isfying (11) to the Wheeler-DeWitt equation (12) im-
prove likelihood and stability of compactification? Let
me adopt as a starting point the prescription of Har-
tle and Hawking [14] for finding the “no-boundary”-
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Figure 2: Some Lorentzian (“physical”) trajectories are
drawn. The only solutions describing compactification (i.e.
the counterparts of the two instantons) are those curves
which end at their turning points on the (dashed) zero-
potential line. All other trajectories displayed were (with-
out loss of much generality) chosen without turning point
and are extended maximally in both directions of their
time parameter. Concerning the fact that some of them hit
the axes, recall from (5) that, for example, v — 0 at finite u
means a1 — oo while az — 0. This behaviour is referred to
as "Kasner-type” singularity in the text. A nice example is
provided by the trajectory starting from (u ~ 6.79,v = 0),
evolving into the region W > 0, re-entering the W < 0 do-
main at (u =~ 5,v &~ 0.62) and running back into the u-axis
at u =~ 20.85 (outside the plot). A similar fate occurs to the
trajectory starting at (u = 0,v & 0.92) which re-enters the
W < 0 domain at (u =~ 11.1,v & 0.87) and finally collapses
towards the u-axis at u ~ 46.4.

solution of (12). In this approach, the wave function
is considered as a path integral ¢» = [ Dg exp(—I[g])
over compact Euclidean ten-geometries having the ar-
gument of i (a nine-geometry or, here, just a point
(u,v)) as their boundary. The WKB-approximation
scheme [17] then tells us to compute ¢ ~ Aexp(—1I)
for points (u,v) near (or on) the zero-potential curve,
where the Euclidean action I(u,v) is taken along the
Euclidean trajectories. A is a prefactor that may be
estimated by WKB-methods, once I is known. We
would then have to take this ¢»(WW = 0) as a boundary
condition for the Wheeler-DeWitt equation (12) and
evolve it into the region W > 0. There, 1 is expected
to develop a form ¢wxp &~ Bcos(S) = 3 B(exp(iS) +
exp(—iS)). The phase S(u,v) is the action of a fam-
ily of classical solutions that one may find using the
Hamilton-Jacobi formalism [17]. The probability mea-
sure is provided by the prefactor B, and 1) can be
viewed as describing a superposition of a family of
classical universes (a particular one of course being
ours). Some of these universes inflate in both scale
factors, and some will eventually re-enter the quan-

tum region. Only two classical paths (namely, the ones
emerging from the two instantons by smooth continua-
tion) will undergo compactification of one scale factor
— and although 1 can be expected to be highly peaked
around these (as dominant contributions to the path
integral), the situation is unsatisfactory as far as sta-
bility is concerned. (Remember that I refuse the intro-
duction of a stabilizing supergravity-inspired matter
coupling).

However, one encounters some complications in
this model: To begin with, let us note that the Eu-
clidean action I(u,v) is not unique, since there are
several Euclidean trajectories connecting a given (u, v)
with the origin. (Choosing the largest or the smallest
of these would presumably not result into an approxi-
mate solution of the Wheeler-DeWitt equation at all,
due to the effects at those points where two trajecto-
ries give equal I).

Moreover, the interpretation of the region W < 0
according to the standard methods is questionable:
Since in a large portion of this region the curves W =
const are timelike with respect to the Wheeler-DeWitt
metric, @ would be expected to be oscillatory there
rather than exponential [6, 17]. This is however con-
trary to one’s intuition about what should happen
when internal spaces approach the Planck scale.

2. Speculation

The question I would like to focus on is the follow-
ing: What happens to the universe if it is described
in the classical (W > 0) region by a trajectory that
approaches the zero-potential curve, enters the region
of negative W and — when evolved further classically
— recollapses? If v in the region W < 0 (for u and
v large) is indeed a semi-classical state, one should
expect the universe to run into a singularity. There
are some remarks about similar situations in the lit-
erature, stating either that the universe actually will
recollapse classically [15] or that there might possibly
occur some kind of collapse by tunneling [6]. In any
case, such trajectories are usually not considered to be
important in the description of our universe.

Now, let us proceed (very) heuristically and retain
— against possible objections — the notion that a phys-
ically sensible state has to qualify the region W < 0
as a "quantum” or a "classically forbidden” domain (at
least if €5 & £p), irrespective of the fact that classical
solutions do exist there formally. Then the question
is: What happens if the universe re-enters into a classi-
cally forbidden region of the superspace? The intuitive
answer is: tunneling. Since I have no better recipe at
hand (maybe a path integral formalism would provide
one), and since the Euclidean trajectories are in gen-
eral considered as a viable tool describing tunneling,
I try to match a Fuclidean trajectory smoothly to the
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re-entering Lorentzian one. This Euclidean trajectory
will in general return to the curve W = 0 and generate
another semiclassical universe (which might recollapse
again and so forth). Hence, we arrive at a procedure
which tells us to evolve trajectories according to the
classical equations of motion (11), but with the respec-
tive signs in each region. These (mixed) trajectories
correspond to metrics undergoing an infinite succes-
sion of signature changes.

There are certainly many reasonable objections
against such a procedure playing any role in the in-
terpretation (or construction) of a state . One such
objection is provided by the fact that just matching
trajectories smoothly as described above does not au-
tomatically lead to smooth ten-geometries displaying
signature change (nor to a stationary point of the ac-
tion S or I). Optimal matching would rather demand
vanishing extrinsic curvature [20] at W = 0 (and this
is in turn only possible for the two instantons, due
to their turning point structure). But even this point
is not so clear, because the recent discussion on sig-
nature change shows that weaker junction conditions
may allow for reasonable classical evolution [21] too. I
will return to this in the very last remark of my talk.
However, even if the mixed trajectories do not repre-
sent admissable geometries, it may well be that they
are linked with dominant contributions to the path
integral with respect to some measure. (Recall that
the structure of Euclidean trajectories in the minisu-
perspace of the model we consider is rather involved,
and to find the dominant ones for a given point (u,v)
is not a simple matter, even in the "standard” Hartle-
Hawking approach [14]). Moreover, it is of course
necessary to ask for the significance of the "time” vari-
able t along the Euclidean pieces, and in which way
such a construction is linked to physical predictions.

However, there might be a more accurate version
of this procedure, where the matching of trajectories
is not understood individually (one would expect a
whole family of such mixed trajectories to build up
a quantum state anyway). The weakest question one
may make out of this is: Is there a solution of the
Wheeler-DeWitt equation (12) which "drags” the uni-
verse approximately along such paths? This could
happen either in terms of some oscillating WKB-type
wave function (which is less likely) or in terms of a
non-oscillating ¢ displaying huge amplitudes in the
according region of minisuperspace. (Recall that — ex-
cept in the semiclassical WKB-approximation — there
is no viable and commonly accepted interpretation of
solutions to (12), especially when such high peaks oc-
cur in the absence of oscillations. This touches upon
the most fundamental conceptual problems of quan-
tum gravity [22], and therefore I cannot even give a
precise statement which mathematical properties such
a wave function should have.)

It is time now to look at the particular way the
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Figure 3: A particular trajectory changing its character
between Euclidean and Lorentzian (denoted “mixed trajec-
tory” in the text) is displayed. It “oscillates” along the
upper branch of the W = 0 curve (dashed) and hence
approaches asymptotically a constant value a1 — £x+/3.
The asymptotic boundary condition near the origin (from
where the numerical evolution starts) has been chosen as
u™??y — 0.25.

Figure 4: This plot shows another mixed trajectory,
now “oscillating” around the lower branch of the zero-
potential curve. The scale factor belonging to S° ap-
proaches az — £4v/15. The asymptotic behavour near the
origin is uw %y = 0.5.

Euclidean/Lorentzian mixed trajectories behave in the
model we are considering. From simple numerical
techniques it follows that there is a preferred region on
the curve W = 0 from which such trajectories emerge;
this region seems to consist of two pieces which are
located near the turning points of the two instantons,
and of points such that two different Euclidean trajec-
tories starting from the origin and meeting there have
approximately the same action I.

Figs.3 and 4 show two examples of mixed trajec-
tories. They undergo "oscillations”, thereby wandering
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Figure 5: The graphs of the functions ai1(t) and az(t) for
the trajectory displayed in Fig.4 are shown. The gauge
condition defining t is N = 1. In order to get definite
units, we have chosen A = 1, hence ¢, = 1.

Figure 6: This provides a magnification of Fig.5 in order
to show how a2 (t) performs ”damped” oscillations arounds
its limiting value.

along one of the two asymptotic branches of W = 0.
One of the two scale factors thereby approaches a finite
limiting value in each case, the other one blows up. In
Fig.5, the data from Fig.4 are re-expressed in terms of
(a1(t),az(t)), where the time coordinate ¢ refers to the
gauge N = 1. Fig.6 provides a magnification of the
same plot, showing that the ”oscillation” of as is actu-
ally damped. Hence mixed trajectories correspond to
metrics which “oscillate” in signature and display — as
far as the values of the scale factors are concerned —
perfect Kaluza-Klein behaviour.

3. Outlook

So, can the universe "reappear” due to quantum tun-
neling? It is a subject for further research to look
for solutions of (12) describing such a behaviour. Let

me however conclude with some remarks. First, such
a compactification and stabilization mechanism would
be quite general and independent of most features of
matter coupling. It just requires the internal space to
have non-vanishing Ricci curvature. (Note that in the
S3 x T model compactification of the T® cannot hap-
pen in this way because the lower asymptotic branch
of W = 0 is missing). Moreover, the compactified
scale factor approaches ~ ¢, hence the whole mech-
anism works only if A does not decay. It must be a
fundamental part of the action (and not just mimick-
ing a V(¢) which would disappear after an inflation-
ary phase [15]). A possible success of computations
along these lines could certainly be connected with
a new aspect in the interpretational problems of the
state 1, because in some sense the universe would re-
main permanently a quantum one. One would have to
work out how the arrow of time comes about, and how
the universe as a whole is experienced. Naively, one
would expect that a state in which as compactifies (cf.
Fig.5) describes an effectively three-dimensional world
expanding as a;(t). But why do we observe a classical
space-time with Lorentzian signature, and how does
ay evolve with respect to an (effectively) Lorentzian
time?

Let me add a comment that emerged in discus-
sions at this meeting: When trying to compute I(u,v)
along Euclidean trajectories, one would — as already
mentioned — encounter different, competing contribu-
tions I (u,v) and Is(u,v), say. This degree of non-
uniqueness can — by virtue of rather involved branch-
ing phenomena — result in the mathematical struc-
ture necessary to develop non-expected compactifica-
tion solutions and at the same time into the feature of
being "non-integrable” in some sense. Hence, the dif-
ficulties in finding analytic solutions may possibly be
compensated by new physical effects. In this concern,
there is also still something to learn about the £ = 0
model (where the S? would compactify along the lines
described above).

My last remark concerns the form of the Wheel-
er-DeWitt equation (12). One might consider the Eu-
clidean solutions as physical (i.e. classical) ones (and
not just tools to integrate (12) or to evaluate a path
integral). In other words, a physical signature change
would actually be a thing to happen. In this case,
it is worth noting that the mixed trajectories extrem-
ize the action Sp4, obtained from (7) after replacing
W by its absolute value |W|. To what extent they
represent physical solutions is not entirely clear, be-
cause the question of which junction conditions should
apply at the surface of signature change is still a bit
open [20, 21]. In any case, the "classical signature
change” approach favours weaker conditions (continu-
ity of the extrinsic curvature instead of vanishing), and
the mixed trajectories I described are likely to be ac-
cepted as classically sensible solutions. Clearly, such
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an approach alters the standard foundations of quan-
tum gravity. Following the spirit of my speculations,
one would modify the Wheeler-DeWitt equation ac-
cordingly, and thus arrive at

6uv1/)(u7v) = _A;f? |W(u7 U)| ¢(U7 1})

instead of (12). Expressed briefly, treating signature
change as a classical effect, the substitution p, —
—i0y, Py — —1i0, in the Euclidean Hamiltonian Hg =
N(=pupy — Ay W) leads to an equation like (12) but
with W replaced by —W. In contrast, the usual quan-
tum cosmology approach amounts to perform the Eu-
clideanized substitution p, — 0, p, — 9, in Hg,
which leads back to (12). The statement that the use
of either Lorentzian or Euclidean geometries makes
no difference in deriving the Wheeler-DeWitt equa-
tion [15] is only true if the latter are of no classical
significance. Postulating Euclidean signature in the
’quantum domain” of minisuperspace (which may well
be a ”classical” domain in this context, especially if
£y > Lp), leaves the zero-potential curve as the set of
points where signature change may happen. Assuming
further that it does happen there, one arrives at (13).

A modified Wheeler-DeWitt equation as in (13) is
exactly what has been proposed recently by Martin
[23]. In his paper, Martin also shows (in a FRW plus
scalar field minisuperspace model) that the modified
Wheeler-DeWitt equation allows less physically sen-
sible boundary conditions than the standard one. If
such an approach turns out to be fruitful for quantum
cosmology, the speculations made here would turn out
to be much less speculative than in the usual context,
but would simply be a heuristic description of a partic-
ular candidate semiclassical state 1) ~ % cos(Smod) OT
Y exp(iSmod ). Maybe the following (very last) specula-
tion is true: states built around mixed trajectories ap-
pear in the standard cosmological approach as highly
peaked in the W ~ 0 region of superspace, whereas in
the classical signature change picture they emerge as
oscillating wave functions.

(13)
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