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We discuss the quantum evolution of the Universe from inflation till the classical Friedmann stage in a gaugeless
approach to the Einstein gravity . In the gaugeless method the physical phase space of the Einstein gravity with the
Dirac— Arnowitt —Deser—Misner metric is constructed without using a gauge fixing condition by explicitly resolving
the constraints for nonphysical fields. From the reduced Einstein action we get a new energy momentum tensor for
independent dynamical fields. The corresponding energy and time are in direct analogy with the “spectral energy”

and “observable time” for a relativistic particle.

1. Introduction

The problem of quantization of gravity from the begin-
nings until recently encountered the difficulty of defin-
ing the physical degrees of freedom of the gravitational
field [1-10]. The procedure of identification of phys-
ical variables and their separation from nonphysical
ones has been called the reduction procedure. There
are two ways to realize the reduction in the classical
and quantum theories: the gaugeless and the gauge
fixing ones. In the former, independent physical vari-
ables are constructed by explicitly resolving the con-
straints. To avoid the difficulties with the resolution of
very complex constraints in gravity one commonly uses
the gauge fixing method based on introducing into the
theory some new “gauge constraints” [1, 9]. However,
such coordinate fixation due to the nonlinear character
of gravitation encounters the problem of determination
of the class of “admissible gauges” which allows one to
obtain gauge-independent results [11]. Recall that the
gauge equivalence theorem has been proved only for
asymptotically flat space-times [7]. It seems to us that
the problem of definition of admissible gauges is not
easier than that of resolving the constraints.

In the present paper, we try to follow the gaugeless
reduction [12-16] of gravity, based on an explicit reso-
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lution of the classical Hamiltonian constraints for non-
physical field momenta and the corresponding fields
coordinates .

The application of the gaugeless approach to the
relativistic particle model is quite simple. Resolution
of the mass-shell constraint for a relativistic particle

1
H=5(=pj+p+m?*) =0, (1.1)

leads to the notion of particle energy

w=+/p?+m?, (1.2)

and resolution of the equation of motion of the corre-
sponding coordinate gives us the definition of the ob-
servable time. It is very attractive to transfer these
clear notions of energy and observable time for a rel-
ativistic particle to the case of gravity. We shall deal
with this analogy and show that the resolution of con-
straints and the corresponding equations of gravity
lead to the new notions of “spectral energy” & of
the type of (1.2) and “spectral time” T, as a variable
canonically conjugated to this energy.

The main goal of our paper is to clear up the phys-
ical meaning of spectral energy and spectral time in
gravity in the context of quantum cosmology. The de-
termination of the physical time is a key problem in
classical and quantum gravity. There is a lot of spec-
ulations on this subject, here we try to continue these
attemps in the spirit of the “internal Schrédinger in-
terpretation” (see e.g. [17]). In our approach we re-
formulate the theory in terms of invariant variables.

Po = FTw;
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That allows us to define time as a global invariant,
associated with the reduced action.

2. Gaugeless reduction of the Einstein grav-
ity
2.1. The Hamiltonian form

We start with the conventional scalar curvature action
including the electromagnetic field to control the re-
duction procedure

1 v
t+ o Fu " )

(2.1)

Wil = [ 6375 55V Rlo) +

It is well known that the Einstein equations

ow
5gOu

are Lagrange constraints. In the Hamiltonian approach
they correspond to secondary constraints and the re-
duction consists in their explicit resolution with respect
to certain momentum and coordinate.

The Hamiltonian approach with the instant form of
the dynamics enforces us to assume that the space time
manifold M can be represented as M = Rx X, where
3. is a three dimensional surface. The space-time folia-
tion is realized by introducing the so called embedding
variables X (x,t) [18] which are maps from a point
x of the surface ¥ to a space-time point X of the
manifold M, and t labels the leaves of the foliation.
This foliation leads to the well known Dirac—Arnowitt—
Deser—Misner (Dirac-ADM) metric [1, 4]

ds® = N2(dt)? — a®hy(da® + N'dz®)(dz® + N*dz?)
(2.2)

where N is the lapse function, N* is the shift vector ,
a is the “scale-space” component of metric, h;; is the
“graviton component” with the determinant equal to
unity:

V=g=Na*,

The Einstein —Hilbert action (2.1) in terms of this
metric possesses a manifest symmetry under the fol-
lowing group of transformations [19]

det(hir) =1, a=expu. (2.3)

t —

t'=1(t)
- xi/:xi/(t,xl,xQ,xB’). (2.4)

Let us rewrite the action (2.1) in terms of the em-
beddings. The scalar curvature can be decomposed

into three terms: the “kinetic” one, /C, the three-
dimensional curvature (¥ R, and the “surface” one, ¥:

@R = K + ®R+23, (2.5)
22 %2
4 1 1

®ORr = = [hklvlaku+ iakuaku} + —R(h), (2.7)

O]

1 ad i
=1 [ak (ad" ) — 300 (5 )} (2.8)

where we introduce the notations

dop = Ood — On(¢N*) (2.9)

© . 1 1 &

o= j— @ak(a?’zvk) = —38 (a®), (2.10)
hj, = h" (ilkl — ViN, — Vi N; + ghklaiNi>(2.11)
R(h) = iaihkl(aihlk —20'n"y) + ORORM. (2.12)

The canonical momenta conjugated to w, h, and

oL 6a® ©
oL a® 9
Py = ——=———hf (2.14)
(h)l 1>
3}12 4N K2
oL a (- . a o
Py = GAk T N (Ak —OpAo— N Flk) = Ak
(2.15)
Here 9;h*; = n*9;h, , Ny = h;N' and V; is a

covariant derivative in metric h;,
In terms of the variables

= (h, A), Py = (P, Pay), Hy o Py

the action (2.1) has the form
W = /d%dt[ > Pq><I>—|—P( i — NHp — Ss|.
d=(h,A)
(2.16)

Here we keep the surface term (2.8), taking into ac-
count (2.13):

E Pl

k
Sy = Na _ 3y 6k(a3 N)

2 K2 ’

(2.17)

in contrast to the conventional ADM approach where
this term is omitted; Hg is the Einstein energy density

(2.18)
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where T (h, A) = TY%(h) + T (A) is the zero-zero
component of the energy momentum tensor

| ARF}, @R
2a8 2k2a2’

1 . FFY
= — (E,E + 22— ).
2a4 < + 2 )

(2.19)

The action (2.16) can be represented in a more detailed
form as

W = /dedt[ Z P(@ (P+P(M),LL+A0(9kEk
=(h,A)

P,
— NH + N*Py, — % —9S*|. (2.20)

In Eq.(2.20) the surface term is
k a gk k RN k
8% = — G0N+ 2P} N~ N P, + Ao B*.(2.21)

and Ag, N, N* are concidered to be Lagrange factors
for the constraints

H =0, Pp. =0, Pty =0, (2.22)

where Py is the Einstein momentum density:

Pr = a;& <%) + Na’Tk(h, A), (2.23)

T%%(h, A) = T%(h) + T°%(A), (2.24)
£ = i Pt o0l ]

TO4(A) = N—anglEl. (2.25)

To complete, we should like to note that the expression

T (h, A) = TFL(h) + TF(A), (2.26)
4K P3? ®R
k _ (h) .
Tx(h) = =3 2a8 + 2k2a2 °
TF(A) = —T%(A) (2.27)

is the spatial trace of the total energy-momentum ten-
sor for gravitons (h) and photons (A) in the Einstein
equation 6W /éu = 0. With the constraints (2.22) this
equation has the form (see also [16])

tr T (h, A)

SE = Na3 9 N

TOO(hv A) +

(trT =T% +T%). (2.28)
The action (2.20) describes the generalized Hamil-
tonian dynamics for (,u,hkl,Ak) and P(#),P(h),P(A)
with the constraints (2.22).

2.2.  Reduction of the phase space

To attain the reduced phase space we shall act by di-
rect analogy to the relativistic particle case and QED.
In these cases the resolution of constraints leads to
the construction of gauge invariant variables (QED)
[13, 15] and to the observable time as a global invariant
of the reparametrization group (a relativistic particle)
[16]. The same gauge invariant variables for gravity
have been constructed in the framework of the cos-
mological perturbation theory, with the choice of the
conformal time [20]. Here we discuss the dynamical
aspect of this gaugeless reduction connected with the
construction of the “spectral Hamiltonian” and “spec-
tral time”, by the resolution of the “energy” constraint
Hr = 0 with respect to the space-scale momentum
P,y by analogy with the “instant form” of relativistic
particle dynamics. We should like to note that there is
a possibility to choose another form of dynamics which
corresponds to resolution of the energy constraint with
respect to a different momentum. Moreover, these
forms can be nonequivalent.

The explicit resolution of the constraint Hgp = 0
allows us to represent P, as a functional of the phys-
ical variables ®, Pg), p. This constraint has two
solutions

f a*[T%(h, A)]2

Py =FF; F= (2.29)
The radicand in Eq.(2.29) is not positive definite. In
the classical case the positivity condition for T%(h, A)
restricts the admissible regions for the physical vari-
ables h, A and their momenta, whereas in quantum
theory negative values of T%(h, A) can lead to physi-
cal phenomena like the tunnel effect.

According to the reduction procedure, let us sub-

stitute the solution (2.29) into the initial action (2.16)

o)
and consider the two terms (h # — Sy. On the
constraints-shell (2.29) the total derivative in Sy (2.17)
can be represented as

. OF OF OF
Dk = op oo+ d(0;) B 00m o(Ap) a(an At
OF OF <
+ Z [ Do® + 50, q))a 0(0:®) + 8P—@)ao(ap@))
(2.30)

One can see that (2.30) in the action (2.16) represents a
sum of the equations of motion for the fields 1, ®, P(g):

S5, = Ma?’ {Too(h,A) T M]

2
1 OF « OF « oF
+ 5 ; [a—@aoq’ + Wao(aiq’) + 8P—@,)60(P(q>))] )

(2.31)
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just as the identity w = Y pi% represents a sum of
the equations of motion for a relativistic particle. N
denotes the lapse function N on the constraint-shell
Hg =

(2.32)

The identity (2.31) means that the classical dynamics
of the metric (2.28), (2.29), (2.13) defines the dynamics
of the “matter” field (in our case gravitons and pho-
tons). This fact was discovered by V. Fock [21] and
then rediscovered by a number of authors.
By using Egs. (2.31) and (2.32) in the form
o K2 F?
F p=N
H=La 6a3
we can easily get the result for the reduced action
(2.16) on the constraint-shell Hgy =0

= Na®-2T%(h, A)

(2.33)

. ©_ 10F ¢
WiR d _ /dgl‘dtz(bjp(cp) o :{:58—@80(1)

1 OF ¢ 1 OF

—————00(0;® ————0(P, NHA#A2.34

where
trT'(h, A
Hp = a® (Too(h, A) — %)
4P2h K2
= 3 [TOO(A) + %} (2.35)

Note that the lapse function (2.32) and the Hamiltnian
(2.35) are similar to the Poincare [22] mass-shell energy
and lapse function for a relativistic particle:
To
/p? + m2
We can see that the reduced action on the solution
of classical equation leads to the generalization of the

Hp = (p? +m?); N = (2.36)

Tolman energy momentum tensor [23] for ¢ matter ”
field ( M ) including gravitons [16]
tr T'(h, M
T(Tolman)l;(h7 M) = T#(hﬂ M) - 6{:M(237)

2

Expressions (2.34), (2.35), (2.37) can be regarded as a
basis for the construction of a Hamiltonian scheme in
terms of gauge-invariant variables.

3. Spectral time

The time problem is many-sided [17]. We should
like to discuss a part of this problem concerning the
observability. In gravity all observables, including
time, should be invariant with respect to the group
of transformations (2.4). In relativistic mechanics

there are two “times” that are invariant under time
reparametrization:

(i) a local quantity — the proper “time” interval
(in cosmology it is the Friedmann time)

dTy = Ndt; (3.1)

(ii) the spectral time as a global quantity conju-
gated to the spectral energy.

Note that the proper time, in the case of a rela-
tivistic particle, coincides with the spectral time only
for a particle at rest. For a moving particle, according
to Eq.(2.32), we can see that the proper (Friedmann)
time and the spectral one are connected by the Lorentz
transformation:

w

The question arises: what is the analog of this ob-
servable time zy in gravity ? As has been shown in
the cosmological perturbation theory [23], the explicit
resolution of the constraints (2.22) generally allows one
to express P,y and pu as functionals of the variables
¢ = (A, h) and Py = (E, Py) within the zero mode
sector (compare to Eq.(2.10))

1(t) = po(t) + prl[®, Pa)].

This allows us to pass to the time variable py defining
dtN = dugNy. To define the observable time, let us
suppose that we know the spectrum of the Poincare
Hamiltonian (2.35)

Hp[Pg, ¢, o] = /dSCUNoHP,

Hp [Py, b, po]tbe = es(po) = (9);
i[Py(x),0(y)] = 6°(x —y) (3.3)
as a function of pg. Then one can write down the
spectral decomposition for the amplitude of probability
to find our system in the configuration ¢(7) at the

“time” T if at the beginning of “time” it was in the
configuration ¢(0):

G(o(T), 9(0)[T5)
po(T)

=> AMexp {—Z/ duoss(uo)}
s Ho(0)

X e, (S, (6(0)
o (T)
+AG) exp {+2/ dMOES(MO)}

0(0)

< e (ST, (6(0), (3.4)

where A are coefficients of decomposition over two
different solutions of the energy constraint Hg = 0.
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From this spectral decomposition we can define the where Hp is the Poincare Hamiltonian (2.35)
“spectral time ”

42 P2
jo(T) Hp =d® | — B 4+ 8 15—2 “Al (4.8)
[ doss(0) = & [T (1) = T ((0))] (55 @ Ta T

1o (0
within the observable conserved energy &;. The energy which does not contain the curvature ®) R, and
&s can be defined from the principle of correspondence V3
with the classical theory or with other known physical N = Vol (4.9)

limits. In the simplest case of stationary gravity fields
and matter (when Hp represents a C-number) & has
been calculated by Tolman [26] and it coincides with
the total mass: & = M. The spectral time in this case
is the proper one, like that for a relativistic particle at
rest.

4. Spectral History of the Universe

Let us repeat the above scheme for the case of a ho-
mogeneous space-time with the metric

(ds)? = N?(t)dt?
Er2\ 2 o
— a2t (1— LQ) hij(t)da' dz?,  (4.1)
4rg
where k = 0,+1, —1 corresponds to the flat, close, and
open three-dimensional space, ry being the parameter

of curvature. The Einstein action for this metric has
the form

T
WZV(;;)/ dt
0

where V{3 is the three-dimensional volume,

. P,
P(h)h + P(M)p, — NHg — %‘| (42)

k2 P2
_ 3 (1) o] .
HE = a 2-6a6 +T0 )
TY = T9(h) + T (M), (4.3)
4% P2, 3k
TY(h) = ——2 — (4.4)

2a6 k2r3a?’

TJ(M) is the energy density of “matter”, which is con-
sidered to be the nondynamic content of the Universe,
for example, it can include radiation (eg), dust (ep)
and a A term:

ER ED
0 €
k -3 370 R
The energy constraint Hg = 0 has two solutions:
6
Py =FF; F= %cﬁ 270 (4.6)
and the corresponding reduced actions are
T
. 1. oF
wied = /dtP h¥ NHp £ -PLysm5—
+ ® | mhF LFtr £ 5P 5p

(4.7)

K[T511/2

is the lapse function on the constraint Hg = 0. We
would like to emphasize that our approach differs from
the conventional one by the following :

(i) all surface terms in the initial Einstein theory
(WR) are taken into account;

(ii) instead of the Friedmann time

T oT) da+/3
0 a0) [Ty

we use the spectral time T

(4.10)

z dTr(a)Hp(a)
s Ja(0)
as the observable one.

This difference leads to new cosmological conse-
quences for the Universe at every stage of evolution:
the Misner one, radiation, dust and de Sitter ones. Let
as compare the Friedmann and spectral laws on each
stage.

4.1. The Misner anisotropic Universe

The main difference of the spectral time from the Fried-
mann one is a monotonic dependence on the scale fac-
tor a. The limit of small a corresponds to small spec-
tral time in contrast to the Friedmann case. For van-
ishing a the first term in the Poincare Hamiltonian
dominates and the reduced action describes the Mis-
ner anisotropic Universe (4.7)

WRed _ ‘/(3)/
1(0)

w(T) o
dp [P —h
(h) ou

d
2 2
T2,/6P2 + R /6P(h)} (4.11)

which is independent of the coupling constant «. The
classical dynamics is described by the conservation of
momentum %P(h) = 0, so that the last term does not
contribute.

The spectral time at this stage coincides with the
logarithm of the space scale, while the Friedmann law

(4.10) is Tr = a3 /K>, [6PF,)-
In quantum theory, in the spectral decomposition

of the Green function (3.4) the spectral time has an
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absolute beginning for an observer (who writes this
function in his note-book).

The positive sign of time corresponds to the ex-
pansion of the Universe and the negative sign to the
contraction of the (anti-)Universe.

The “observer” sees a small Universe be created
with a finite volume and density and undergo inflation
with respect to the “spectral time”. In other words,
the anisotropic stage protects the “observer” in the
expanding Universe from the initial Hawking singular-
ity.

The process of inflation changes the matter content
of the Universe due to its creation. We leave the de-
scription of this creation for forthcoming papers and
consider here the next stage: radiation.

4.2. Radiation stage

At the radiation stage (P) = ep = A = 0), the re-
duced action has the form

T N
Whed(R) 3FV(3)/0 dtf(aR)

= FVis)erln(T) — n(0)] (4.12)

where 7 is the conformal time which plays the role of
the spectral one in the spectral decomposition of the
wave function
g = A WET B 4 A() W), (4.13)
The conformal expansion law is monotonic and goes
to infinity for all types of space, hyperbolic (k = —1),
flat (k = 0), and closed (k = +1), in contrast to the
Friedmann law described for the case (k = +1) by the

function a(Tr), which is given on a closed circle (for
more details see Refs. [16] ) and violates the causality.

4.3. Dust stage
At the dust stage (P) = & = A = 0) the reduced
action becomes
T £
WD) = #V [ den
0

Va&a
2

(Te(T) = Tr(0).  (414)
The spectral time coincides with the Friedmann one
for any type of the Universe k = 0,41 (like the case of
a relativistic particle at rest) with the decomposition
of a wave function of the type of (7.13). The spectral
energy is only half the mass of the Universe due to
the homogeneous approximation, in accordance with
Tolman’s result of 1930 [26].

4.4. The de Sitter stage and the zero energy expan-
sion

To complete, let us compare here also the spectral ex-
pansion law with the Friedmann one for the de Sitter
stage Pj) = Er = Ep = 0 in the space with (k = 0).
The reduced action in this case has the form

T
Wiy = (Vo) [ dea = £V ) 2

S|@
%) w

(4.15)

The role of spectral time is played by the space volume
(a®) instead of log a for the Friedmann time. From the
point of view of our observer the de Sitter stage is final,
but not the beginning that corresponds to the depen-
dence of the energy momentum tensor (4.3) - (4.5) on
the space scale:

P2

a— 0, M)
a
P2

a — 00, %«)\.
a

The observer can also discover a nontrivial motion with
zero spectral energy (Hp =0 ) for an open (k= —1)
empty space, Eg = £ = A = 0, which is described by
the equation

2 p2
KBl 3

2-6a5  K2r¢a? (4.16)

For conformal time Ndt = adn the solution of this
equation leads to inflation:

adn = +roda = a(n) = age™"".

This motion is like a zero mode in a superfluid and
may be given as an explanation to the hidden mass
phenomenon.

5. Discussion

In the present paper, we have tried to carry out a
gaugeless reduction of the phase space of gravity. The
main peculiarity of this reduction is the appearance
of the concepts of spectral energy and spectral time.
These quantities have been obtained from the initial
Einstein action with a maintenance of all surface terms,
including the total time derivative. In quantum theory
they correspond to nonzero phases of the wave func-
tion. Just from these phases an “Observer” forms the
spectral energy and spectral time.

We have calculated these quantities for a set of sim-
plest examples:
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e In the limit of a small space scale factor a of the
metric, the “Observer” is observing that the cre-
ating Universe expands from finite volume and
density and is filled only with Misner anisotropic
gravitons [24]. This Universe undergoes inflation
with respect to spectral time. The inflation cor-
responds to the energy density o 1/a% but not
to the de Sitter one.

e At the radiation stage, the reduced action has
two correct limits. In the large cosmological scale
limit, the spectral time coincides with the confor-
mal one. At small scales (in the flat space-time
limit) the spectral energy is nothing more but the
energy of transverse photons, in contrast to the
ADM scheme.

e At the stage of a dust-filled Universe, the “Ob-
server” discovers that his spectral time, as a
phase of the wave function, transforms to the
classical Friedmann time, as an invariant inter-
val (just as the observable time for a relativistic
particle at rest transforms to the proper one).

e At the de Sitter stage the role of the spectral time
is played by the space volume a3

The “Observer” sees the variable character of the
spectral time T in the process of evolution of the Uni-
verse. Who is that “Observer” whose conclusions so
strongly differ from those of a modern scientist [25]7
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