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The dynamics of the first generation leptons in a 5-dimensional space with torsion is considered. It is demonstrated
that the Lagrangian of the gravitational field of torsion and the lepton field coincides with that of the neutral sector
of the electroweak theory; the space-time torsion pseudotrace corresponds to the neutral Z0 boson.

We consider the dynamics of the first generation
leptons, the electrons e(x) and the left neutrinos νL =
(1 + γ5)ν/2 in a 5-dimensional space with the torsion
Q C

AB = Γ C
[AB] (A,B,C = 1, 2, 3, 4, 5) where Γ C

[AB]

are the connection coefficients of a 5-dimensional space
with torsion:

Γ C
[AB] =

{ C

AB

}
+Q C

.AB +QC
.AB +QC

BA. (1)

Assuming, as usual, that at small distances of the
scale of particle physics the space-time curvature ef-
fects can be neglected, one can assert that the 5-
dimensional metric is the Minkowski one, GAB =
ηAB = diag(1, 1, 1,−1, 1), so that the connection co-
efficients are determined only by the torsion: Γ C

[AB] =
Q C

.AB +QC
.AB +QC

BA .
The Lagrangian of the lepton fields can be pre-

sented as a generally covariant generalization of the
corresponding special-relativistic Lagrangian:

Lψ =
h̄c

2

[
∇Aeγ

Ae− eγA∇Ae− 2µ0ee

+ ∇AνLγ
AνL − νLγ

A∇AνL

]
. (2)

Here ∇Aψ is the covariant derivative of the spinor
functions, ψ = (e, ν): ∇Aψ = ∂Aψ − ΓAψ where ΓA

is the spinor connection in the 5-dimensional space:

ΓA =
1
4
γC(Γ B

AC γB − ∂AγC), (3)

while the Dirac matrices γA = (γα, γ5), α = 1, 2, 3, 4,
satisfy the the fundamental condition connecting the
space with the spin:

γAγB + γBγA = 2GAB (4)

The gravitational field Lagrangian is chosen as the
5-dimensional generalization of that of general relativ-
ity, i.e., the scalar curvature: Lg = −5R/2κ , so that

the total Lagrangian of the system which consists of
geometry and matter is a sum of the corresponding
Lagrangians, i.e., the geometric Lagrangian and the
spinor Lagrangian (2):

L = −5R/2κ+
h̄c

2

[
∇Aeγ

Ae− eγA∇Ae

− 2µ0ee+∇AνLγ
AνL − νLγ

A∇AνL

]
. (5)

As shown earlier [1], the condition (4) for the ma-
trices is invariant with respect to the spinor connection
transformation:

ΓA → ΓA +KA;
∇AγB → ∇AγB +KAγB − γBκA. (6)

Here KA is an arbitrary spin-tensor which can man-
ifestly be developed in a spin-tensor matrix basis:
I, γA, γ[AγB] :

KA = CAI + ϕγA +BACDγ
[CγD] (7)

where CA, ϕ, BACD = B[ACD] are, arbitrary vector,
scalar and tensor functions, respectively.

Let us introduce a 5-dimensional space-like vec-
tor field (monad) λA and the metric tensor of the 4-
dimensional space-time section gAB [2]:

GAB = λAλB + gAB (8)

which satisfy the relations

λAλBG
AB = 1; λAgAB = 0;

gABg
AB = 4; λB = G5B ;

g5B = 0; gαβ = Gαβ ; g5
µ = λµ;

gµ
ν = Gµ

ν = δµ
ν ; g5

B = 0. (9)

All the quantities considered may be projected onto the
monad direction and the 4-dimensional space-time, in
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particular,

CA = λA + C̃A

(C = λACA; C̃A = gK
ACK ; C̃5 = 0);

QABC = {Qαβ , Q̃αβλ};
BABC = {Bαβ , B̃αβλ}. (10)

Here, as the algebraic properties of the torsion tensor
and the gauge tensor BABC are the same and we are
dealing with a space with torsion, one may consider the
4-dimensional antisymmetric tensors Qαβ , Bαβ and
Q̃αβλ to be proportional to each other:

Bαβ = kQαβ ; B̃αβλ = (η − 1)Q̃αβλ

(k, η = const). (11)

In addition, we adopt the cyclic dependence of
the spinor (lepton) fields on the 5th coordinate: ψ =
ψ(xσ)e−iαx5 .

With these remarks taken into account, the grav-
itational Lagrangian, which now depends only on the
torsion components, may be presented in the form

−5R/2κ = −(3/κ) (QαβQ
αβ + 2QαQ

α
)

(12)

where the axial 4-vector Qα is the pseudotrace of the
4-dimensional torsion: Qα = εαβλσQ̃

βλσ .
The spinor Lagrangian (2) can be decomposed into

the kinetic part and the interaction Lagrangian:

Lψ =
h̄c

2
(∂αeγ

αe− eγα∂αe)

+
h̄c

2
(∂ανLγ

ανL − νLγ
α∂ανL)

+ h̄c(µ0 + ϕθ)ee+ h̄c(be − α)eγ5e

+ h̄c(bν + ϕν − α)νLνL + Lint; (13)

Lint = i
h̄c

2
Cαeγαe+

3
2
h̄cηQαeγ5γαe

+
h̄c

2
(
3
2
+ k)(Qαβ(eγ5γ

αγβe+ νLγ
αγβνL)

− 3h̄cηQανLγανL. (14)

Here ϕθ, be, ϕν and bν are gauge coefficients for the
electron connection and the neutrno spinor connection.
A choice of these coefficients enables one to obtain the
observed values of the electron and neutrino masses:
µ0+ϕθ = µe; be−α = 0. Assuming that the constant
α in (14) is equal to -3/2, we remove the interaction of
the spinor fields through an anomalous magnetic mo-
ment (AMM): Qαβψγ5γ

αγβψ . As a result, the lepton
spinor Lagrangian in the 5-dimensional space with tor-
sion takes the form

Lψ =
h̄c

2
(∂αeγ

αe−eγα∂αe+∂ανLγ
ανL−νLγ

α∂ανL)

+ h̄cµeee+ ih̄cCαeγ
αe

+
3
2
h̄cηQαeγαγ5e− 3h̄cηQανLγανL. (15)

Comparing it with the Lagrangian of the lepton fields
interacting with the neutral vector fields (electromag-
netic, Aα , and neutral Z0 boson) in the electroweak
interaction theory,

Lψ =
h̄c

2
(∂αeγ

αe−eγα∂αe+∂ανLγ
ανL−νLγ

α∂ανL)

+ h̄cµeee+ ie0Aαeγαe

+
g

4
Zαeγαγ5e− g

2
ZανLγανL

+
3g2

1 − g2
2

4g
Zαeγαe

(g =
√
g2
1 + g2

2), (16)

we see that, under the condition 3g2
1 = g2

2 between
the electroweak interaction constants, which leads to
the value of the Weinberg angle θW = 30◦ close to
the observed one (∼ 29◦), the two Lagrangians coin-
cide up to notations. This makes possible the follow-
ing identification: h̄cCα = e0Aα; 3

2 h̄cηQ
α = g

4Z
α .

One may conclude that the torsion pseudotrace of the
4-dimensional space-time Qα = εαβλσQ̃βλσ/6 is the
neutral Z0 boson in the electroweak interaction; simul-
taneously the present geometric theory fixes a value of
the Weinberg angle close to the observed one, θW =
30◦ . In addition, as we have noticed before [3], the La-
grangians (15) and (16) without the spinor field mass
terms (µe = 0) are invariant with respect to the local
group U(1) × Ǔ(1) where U(1) is the phase rotation
group and Ǔ(1) is the group of γ5 -transformations of
the spinor field:

δψ = iε(x)ψ + ω(x)γ5ψ;

δAα =
1
e0
∂αε; δQα =

2
3h̄cη

∂αω

(δZα =
4
g
∂αω). (17)

One may thus conclude that the electromagnetic field
Aα and the space-time torsion pseudotrace field (or
the Z0 boson field) are gauge fields of the local group
U(1)×Ǔ(1) (17) and simulatneously those of the group
U(1) × SU(2), while the whole neutral sector of the
electroweak interaction theory is the gauge theory of
the U(1)× Ǔ(1) group (prior to the spontaneous sym-
metry breakdown inducing the masses):

L = −1
4
(F 2

αβ + Z2
αβ) + Lψ(∂αψ)

+ Lint(e, νL, Zα, Aα). (18)

This theory admits a total geometric formulation
in the 5-dimensional space with torsion:

The gravitational Lagrangian (12), 5R/(2κ) =
(3/(2κ)(Q2

αβ + 2Q2
α , can be expressed, taking into

account the correspondence between the torsion pseu-
dotrace Qα and the intermediate Z boson, in terms
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of the vector and pseudovector potentials:

3
2κ

(Q2
αβ + 2Q2

α = −1
4
M2

αβ − 64
27

α

κh̄cη2
Z2

α

(α =
e20
h̄c

). (19)

Here we have introduced the gauge (U(1)× Ǔ(1)) in-
variant tensor Mαβ :√

3
2κ
Qαβ =

1
2
Mαβ =

1
2
(F 2

αβ + Ž2
αβ)

(Žαβ =
1
2
εαβλσZ

λσ) (20)

which is set equal to the antisymmetric torsion ten-
sor (the first equality sign in (20)). The Lagrangian
(19) of geometric origin coincides up to a divergence
term with the neutral vector field Lagrangian in the
Weinberg-Salam theory: L = − 1

4 (F
2
αβ + Ž2

αβ). Note-
worthy, it also contains the mass term for the Z boson:
64
27

α
κh̄cη2ZαZ

α =
(

mzc
h̄

)2
ZαZ

α (η ∼ 1016 ), while the
electromagnetic field remains massless. The resulting
total Lagrangian of the lepton field dynamics in the
5-dimensional space with torsion coincides with the
Lagrangian for the neutral sector of the electroweak
interaction theory (at θW = 30◦ ):

−1
4
MαβM

αβ +
(mzc

h̄

)2

ZαZ
α

+
h̄c

2
(∂αeγ

αe− eγα∂αe− 2µeee)

+
h̄c

2
(∂ανLγ

ανL − νLγ
α∂ανL)

+ ie0Aαeγαe+
g

4
Zαeγαγ5e− g

2
ZανLγανL.(21)

As the Lagrangian (21) is invariant with respect to
the local U(1)× Ǔ(1) group (when the particle masses
are absent), the corresponding lepton and vector field
dynamics can be formulated in a dually symmetric
form. A dually symmetric electrodynamics for elec-
trons can be obtained by varying the action with the
Lagrangian (21) in e, Zα and Aα , which yields a set
of equations for the electron field, the Z0 boson field
and the electromagnetic field, symmetric with respect
to the duality transformation (provided the Z boson
mass is zero) Mαβ → M̌αβ , Jα → J̌α :

(i) ∂αM
αβ = Jβ ;

(ii) ∂αM̌
αβ = J̌β ;

(iii) γα(∂α − ie0Aα − i
g

4
γ5Zα)e = 0

(Jα = e0eγαe; J̌α =
g

4
eγαγ5e) (22)

The following conclusions can be made.

1. The geometric theory of lepton dynamics in the
5-dimensional space with torsion is equivalent to

the theory of interaction of leptons with the elec-
tromagnetic and Z boson fields, i.e., coincides
with the neutral sector of the electroweak inter-
action theory.

2. The neutral Z0 boson can be identified with the
space-time torsion pseudotrace, both of them be-
ing the gauge fields of the local group of γ5 trans-
formations.

3. The neutral sector of the weak interaction theory,
as well as lepton dynamics in the 5-dimensional
space with torsion, can be presented as dually
symmetric electrodynamics.

References

[1] V.G.Krechet. In: Abstracts of Int. School-Seminar
“Multidimensional Gravity and Cosmology” (Yaroslavl,
1994), Moscow 1994, p.24.

[2] Yu.S.Vladimirov. ”Frames of Reference in Gravitation
Theory”, Moscow, Energoatomizdat 1982.

[3] V.G.Krechet, Izvestiya Vuzov, Fizika, 1988, No.3, 114.


