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We consider a reduction of the superspace of geometries to a finite-dimensional minisuperspace M , which, in the
case of multidimensional models M = R × M1 × · · · × Mn , is given by the scale exponents of Einstein spaces Mi .
Additional scalar fields yield an enlarged minisuperspace MS . We analyze the effect of conformal equivalence of
geometries for Lagrangian models on M with different couplings of geometry and a scalar field, and compare it to
conformal transformations on the minisuperspaces MS of corresponding quantum models. Canonical quantization
of minisuperspace is performed in a way which is generally covariant under coordinate transformations and yields
equivariance with respect to conformal representations. The conformal coupling ξc = (D−2)/[4(D−1)] is analyzed
number-theoretically, yielding distinguished dimensions D = 3, 4, 6, 10 and 26. From the known solution of a
minimally coupling model (MCM) we obtain a solution of the corresponding conformal coupling model (CCM), able
to describe the birth of the Universe and the internal spaces at different times without singularities.
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1. Introduction

Multidimensional geometric models [1, 2, 3] are an in-
teresting class for studies of cosmology. On the one
hand, they are rich enough to model features of phe-
nomenological interest, on the other they provide a
well defined minisuperspace. The latter is a conve-
nient starting point for covariant conformal quanti-
zation of the energy constraint yielding the Wheeler-
DeWitt (WDW) equation. Nevertheless several math-
ematical questions concerning the (mini-)superspace
construction are still open, although [4, 5] indicate
some progress. In this paper we put emphasis on the
comparison between conformal transformations of min-
isuperspace geometry, conformal transformations of or-
dinary geometry and coordinate transformations.

In Sec.2 we sketch the reduction of the superspace
of geometries to a midi-superspace and further to a
minisuperspace.

In Sec.3 we compare conformal transformations on
three structural levels: conformal coordinate trans-
formations (1), conformal transformations of ordinary
geometry (2), and conformal transformations of the
(mini-)superspace geometry (3).

In Sec.4 we describe multidimensional Lagrangian
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models for Einstein-Hilbert-Gibbons-Hawking gravity
coupled to a scalar field, obtaining a well defined for-
mulation on the minisuperspace.

Sec. 5 deals with conformal quantization on a mini-
superspace. The first quantization of the energy con-
straint to the WDW equation is performed in a manner
both generally covariant and conformally equivariant.

In Sec. 6 we derive the unique conformal Laplace
(-Beltrami) operator on a (pseudo) Riemannian mani-
fold M of dimension n . Though this had been given
already by construction of a conformal WDW equa-
tion in [6], and in the mathematical literature there is
agreement on a linear coupling ∆ + aR of Laplacian
∆, generalized from the flat case, and Ricci curvature
scalar R on the underlying manifold, there is some-
times some confusion [7] about the proper choice of the
coupling a on an arbitrarily curved manifold. There-
fore here we prove that ∆ + aR is conformal if and
only if n > 1 and a = −ξc .

Sec. 7 is devoted to the distinguished conformal
coupling number ξc = (D − 2)/[4(D − 1)] in differ-
ent dimensions D , which can be found already in the
classical paper [8]. Number theoretical analysis of ξc ,
gives some hint, that it might play a crucial role in
dimensional reduction, since ξc is especially simple for
D = 3, 4, 6, 10 and 26.

In Sec. 8 we examine conformal equivalence trans-
formations between Lagrangian models for D -dimen-
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sional geometry on M coupled to a spatially homo-
geneous scalar field. We consider as example of spe-
cial interest the conformal transformation between a
model with minimally coupled scalar field (MCM) and
an equivalent conformal model with a conformally cou-
pled scalar field (CCM), thus generalizing the previous
results from [9, 10], obtained for n = 1 and D = 4.

In Sec. 9 we apply the results of Sec. 8 to obtain
classical multidimensional cosmological solutions of a
CCM, performing characteristic dynamics of external,
internal and hidden factor spaces.

2. Reduction of the Superspace of Geometries

Let Mets(M) be the space of (pseudo-)Riemannian
metrics of signature s (s be the number of negative
eigenvalues, s = 0 Euclidean, s = 1 Lorentzian) on
a smooth manifold M , and Diff (M) be the group of
diffeomorphisms of M . Then the superspace of geome-
tries of signature s is defined as

Geoms(M) := Mets(M)/Diff (M). (2.1)

As the action of Diff (M) on Mets(M) is not free, the
quotient topology does not yield a manifold structure
on Geoms(M). At symmetrical metrics the latter quo-
tient has singularities. In [5] its minimal (non-singular)
resolution has been constructed for s = 0. Though,
the extension of this construction to s > 1, most im-
portantly the Lorentzian case s = 1, is not straightfor-
ward, because then the orthogonal group O(s, n − s)
is noncompact. In the following we will drop the index
s under the assumption that the following construc-
tion can be performed (the manifold Met s admitting
slicings transversal to the orbits of O(s, n − s) and
Diff (M)).

Let GL(M) be the frame bundle of M . F (M) :=
Met(M) × GL(M) is the Fischer manifold of M (see
[11]). The reduction O(M) ⊂ F (M), according to
a reduction of GL(M) to the (s -)orthonormal frame
bundle O(M, g) ⊂ GL(M), is given by

O(M) := {(g, u) ∈ Met (M)×GL(M) : u ∈ O(M, g)}.
(2.2)

While O(M, g) depends on the metric, O(M) depends
only on M as a smooth manifold. There are 2 different
fibrations of O(M),

O(s, n− s)↪→O(M)−→Met (M)×M (2.3)

and

Diff (M)↪→O(M)−→Geom0(M), (2.4)

where Geom0(M) defines the minimal resolution of
Geom(M). Similarily there exists also a fibration
Diff (M)↪→F (M)−→GeomF (M), where GeomF (M)
defines the so-called Fischer resolution [11] of Geom(M).

But this resolution is not a minimal one (it exists an
embedding Geom0↪→GeomF (M)).

The resolution Geom0(M) → Geom(M) is in re-
markable analogy to resolutions of simple singularities
of Cartan type ADE, i.e. singularities generated by a
finite subgroup F ⊂ SU(2) (see [12]).

In another, more formal attempt to circumvent the
question of Diff (M)-equivalence one introduces appro-
priate supercoordinates and assumes general superco-
ordinate invariance to define a reduced version of su-
perspace. In [4] it was shown how the space of Rieman-
nian metrics Met(M) can be equipped with a metric
G . Let us choose some supercoordinates χA indexed
by A within an appropriate index set. Then we set

G = GABdχ
AdχB (2.5)

and define it via

GAB := Gijklh
ij
Ah

kl
B , (2.6)

where

Gijkl := gikgjl + gilgjk − gijgkl. (2.7)

Note the similarity of Eq. (2.7) to the usual first
Christoffel symbols. Both Gijkl and hijA are covari-
ant (4- or 2-tensor) components with respect to usual
coordinate transformations. Therefore GAB is inde-
pendent of coordinates on M . The components hijA
define a generalized soldering form θ := hijAeij ⊗ dχA ,
where the 2-tensors eij = hAij(∂/∂χ

A) contain the com-
ponents hAij dual to h

ij
A .

Eq.(2.7) singles out a special class of metrics and,
together with general superspace covariance, yields a
reduced superspace, which we will call midi-superspace.
The index set of the midi-superspace coordinates is still
infinite.

A further reduction of superspace to finite dimen-
sions is well defined for a class of metrics of multidi-
mensional type. Here the geometry is described on a
(pseudo-) Riemannian manifold

M = IR×M1 × . . .×Mn,

D : = dimM = 1 + d1 + . . .+ dn,

g ≡ ds2 = −e2γdt⊗ dt+
n∑
i=1

a2
i ds

2
i , (2.8)

where ai = eβ
i

is the scale factor of the di -dimensional
space Mi with the first fundamental form

ds2i = g
(i)
kl dx

k
(i) ⊗ dxl(i).

The scale factors eβ
A

, A = 1, . . . , n , yield (reduced)
supercoordinates

χA := e2β
A

, A = 1, . . . , n. (2.9)

The mini-superspace MS(M) over M is then de-
fined by mini-superspace coordinates β1, . . . , βn sub-
ject to the principle of general covariance w.r.t. mini-
superspace coordinate transformations.
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3. Conformal Transformations on Three
Structural Levels

Generally we will have to distinguish between (1)
conformal coordinate transformations in D -dimensi-
onal geometry, (2) conformal transformations of D -
dimensional geometry, and (3) conformal transforma-
tions of n -dimensional minisuperspace geometry.

(1) Conformal transformation to new coordinates

We fix the geometry g and transform the coordinates
conformally, i.e. so that

dx′i = e−f(x)dxi and gi′j′ = e2f(x)gkl. (3.10)

With ds2 = gi′j′dx
i′dxj

′
= gijdx

idxj the intrinsic ge-
ometry remains invariant, though looking different in
different coordinate frames.

(2) Conformal transformations of ordinary (D-dimensional)
geometry

We consider a differentiable manifold M . On a geom-
etry g on M , we represent conformal transformations
as Weyl transformations g �→ e2fg with f ∈ C∞(M).

With the metric components gij and scalar fields
(φ1, . . . , φk) on M , a Lagrangian model is given by
a Lagrangian variation principle δS = 0 with S =∫
M

√|g|LdDx for a second order Lagrangian

L = L(gij , φ1, . . . , φk; gij,l, φ1
,l, . . . , φ

k
,l; gij,lm).

Conformal transformation of the Lagrangian model
keeps M fixed as a differentiable manifold, but varies
its additional structures, including (pseudo-)Riemann-
ian geometry, conformally

(gij , φ1, . . . , φk)→ (ĝij , φ̂1, . . . , φ̂k). (3.11)

A corresponding new variational principle is obtained
via √

|g|L !=
√

|ĝ|L̂, (3.12)

for the new (transformed) Lagrangian

L̂ = L̂(ĝij , φ̂1, . . . , φ̂k; ĝij,l, φ̂1
,l, . . . , φ̂

k
,l; ĝij,lm).(3.13)

Therefore conformal transformation of (Lagrangian)
models for ordinary geometry (plus eventual scalar
fields) are performed in practice on a fixed coordinate
patch xi of M .

Invariance of (2.6) under conformal transforma-
tions (2) with g �→ e2fg yields

hijA �→ e−2fhijA . (3.14)

Forgetting about its origin, (3.14) can be interpreted,
by analogy to (3.10) in (1), as induced by supercoor-
dinate transformations

χA �→ e2fχA, (3.15)

leaving (2.5) invariant. The conformal weight differs
from that of an analogous ordinary coordinate transfor-
mation (3.10) by a factor −2 (corresponding to contra-
gredience and the fact that hijA relates (super-)vectors
to 2-tensors).

For a minisuperspace M =MS(M) like (2.8) the
supercoordinate transformations (3.15) correspond via
(2.9) just to translations of the minisuperspace coordi-
nates

βi → βi + f. (3.16)

(3) Conformal transformations of (reduced) super-
space geometry

A conformal transformation of a midi-superspace ge-
ometry G (as in (2.5) and (2.6)) is a transformation
G �→ e2FG with a function F on the midi-superspace.

On a mini-superspace we have (by analogy to (2.5))

G = Gijdβ
i ⊗ dβj . (3.17)

But since dimM <∞ here a Weyl transformation

G �→ fG := e2fG (3.18)

is well defined with f ∈ C∞(M).
Similarly to (2) and (1), (3) and (2) must be also

carefully kept apart from each other. Applications of
invariance under transformations (2) and (3) will be
given later.

4. Multidimensional Lagrangian Models

If we assume within a multidimensional geometry
that the Mi are Einstein spaces of constant curvature,
then the Ricci scalar curvature of M is

R = e−2γ

{[ n∑
i=1

(diβ̇i)
]2

+
n∑
i=1

di[(β̇i)2 − 2γ̇β̇i + 2β̈i]
}
+

n∑
i=1

R(i)e−2βi

. (4.1)

Let us now consider a variation principle with the
action

S = SEH + SGH + SM , (4.2)

where

SEH =
1
2κ2

∫
M

√
|g|Rdx

is the Einstein-Hilbert action, SGH is the Gibbons-
Hawking boundary term [13], and SM the action of
matter.

Let us consider the matter given by a minimally
coupled scalar field Φ with potential U(Φ). Then
the variational principle of (4.2) is equivalent to a La-
grangian variational principle over the minisuperspace
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M , which is spanned by the βi , and the scalar field
Φ,

S =
∫
Ldt,

L =
1
2
µ exp

{
−γ +

n∑
i=1

diβ
i
}{ n∑

i=1

di(β̇i)2

−
[ n∑
i=1

diβ̇
i

]2

+ κ2Φ̇2

}
− V (βi,Φ) (4.3)

with

V (βi,Φ) = µ exp
{
γ+

n∑
i=1

diβ
i
}[−1

2
R(i)e−2β1

+κ2U(Φ)
]

where

µ := κ−2
n∏
i=1

√
|det g(i)|. (4.4)

It is a convenient procedure of cosmologists, to extend
the minisuperspace M of pure geometry directly by
an additional dimension from the scalar field Φ as fur-
ther minisuperspace coordinate, yielding an enlarged
minisuperspace MS .

Let us define a metric on MS , given in coordinates
βi , i = 1, . . . , n+ 1 with βn+1 := κΦ. We set

Gn+1 i = Gi n+1 := δi n+1, Gkl := dkδkl − dkdl

(4.5)

for i = 1, . . . , n + 1 and k, l = 1, . . . , n , thus defining
the components Gij of the minisuperspace metric

G = Gijdβ
i ⊗ dβj . (4.6)

Then in the time harmonic gauge

N := exp
{
γ −

n∑
i=1

diβ
i

}
!= 1 (4.7)

(see e.g. [14]) we get the Lagrangian

L =
µ

2
Gij β̇

iβ̇j − V (βi) (4.8)

with the energy constraint
µ

2
Gij β̇

iβ̇j + V (βi) = 0. (4.9)

Independent global conformal transformations of the
spaces M (i) yield just translations in the functions βi .

Note that the signature of M is Lorentzian for n >
1, and G11 < 0 for d1 > 1 implies that the signature
of MS is Lorentzian not only for n > 1 but also for
n = 1 if d1 > 1. If there is at least one (e.g. compact
”internal”) extra factor space, i.e. n > 1, then M has
the Lorentzian signature (− + . . . +).

After diagonalization of (4.5) by a minisuperspace
coordinate transformation βi → αi (i = 1, . . . , n),

there is just one new coordinate, say α1 , which corre-
sponds to the unique negative eigenvalue of G . With
a further (sign preserving) coordinate rescaling, G is
equivalent to the Minkowsky metric. Hence M is con-
formally flat. (Actually for the present metric it is
also flat; however under conformal transformation on
M flatness is not an invariant property.)

While βi → αi is only a coordinate transforma-
tion on M or MS , it transforms a multidimensional
geometry (2.8) with scale exponents βi to another ge-
ometry of the same multidimensional type (2.8), i.e.
with the same di and ds2i , but new scale exponents
αi of the factor spaces Mi . We can always perform
the diagonalization of (4.5) such that α1 and hence
M1 belongs to the unique negative eigenvalue of G .
This M1 is identified as the “external” space. The
scale factors of the “internal” spaces M2, . . . ,Mn and
Φ contribute only to positive eigenvalues of M and
accordingly MS . (For n = 1 there are no “internal”
spaces, but G11 < 0 for d1 > 1 still provides a neg-
ative eigenvalue that is distinguished at least against
the additional positive eigenvalue from Φ in MS .) α1

assumes in M or MS the role played by time in usual
geometry and quantum mechanics. In this way the
“external” space is distinguished against the “internal”
ones, since its scale factor provides a natural “time” co-
ordinate on M . If in the multidimensional geometry
(3.14) M1 with α1 is strictly expanding w.r.t. time
t , then the “minisuperspace time” α1 can be consid-
ered in the geometry g as a time equivalent to t . So
the Lorentzian structure of M finally provides the ex-
panding M1 with a natural “arrow of time” [15].

5. Conformal Quantization on Minisuper-
space

Canonical quantization has been considered e.g. in [6,
16]. It essentially consists in replacing the constraint
equation (4.9) by the WDW equation(

−1
2
[∆ + aR] + V

)
Ψ = 0 (5.1)

where Ψ is a wave function from a distribution space
S∗ , which is the dual of the test function space S ⊂ H ,
dense in the Hilbert space H = H(M). (Often one
might think of S as the Schwartz space and corre-
spondingly of S∗ as the space of tempered distribu-
tions over S . Note however that the proper choice of
S depends on the Hamiltonian H , and more specifi-
cally on the shape of the potential V .)

The Lagrangian (4.8) is invariant under arbitrary
time reparametrization h ∈ Diff IR acting via

h(βi)(t) := βi(h(t)), h(N)(t) := N(h(t))
dh

dt

on minisuperspace coordinates βi and N defined as in
(4.7).
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We set in the following

N =: e−2f (5.2)

and admit f ∈ C∞(M) to be an arbitrary smooth
function on M .

In the time gauge given by f the Lagrangian is

Lf :=
µ

2
fGij(β)β̇iβ̇j − V f (β) (5.3)

and the energy constraint is

Ef :=
µ

2
fGij(β)β̇iβ̇j + V f (β) = 0, (5.4)

where

fG = e2fG and V f = e−2fV.

With the canonical momenta

πi =
∂Lf

∂β̇i
= µGfij β̇

j (5.5)

this is equivalent to a Hamiltonian system given by

Hf =
1
2µ
(fG)ijπiπj + V f (5.6)

and the energy constraint

Hf = 0. (5.7)

The inverse of the minisuperspace metric is given
by fG−1 = e−2fG−1 , where for the system with Eq.
(4.5) the components of G−1 are

Gij =
δij
di
+

1
1− ∑n

i=1 di
. (5.8)

At the quantum level Hf has to be replaced by an
operator Ĥf , acting by the energy constraint

ĤfΨf = 0 (5.9)

on Ψf ∈ S∗f , where S∗f is given by the action of a
represention Db of C∞(M) with conformal weight b
on Ψ ∈ S∗ , i.e. for f ∈ C∞(M)

Ψf = Db(f)(Ψ) = ebfΨ. (5.10)

Note that correspondingly a test function ϕ ∈ S has
to transform to ϕf = e−bfϕ ∈ Sf in order to keep
Ψ[ϕ] conformally invariant. Generally on a dual space
the weight should be the negative of the weight on the
original space. In our application to the quantization
of Hf from (5.6), the condition

Ĥf = e−2febf Ĥ e−bf (5.11)

implies that

Ĥf = − 1
2µ

[
∆f − ξcR

f
]
+ V f (5.12)

on wave functions Ψf = ebfΨ ∈ S∗f . The WDW
equation (5.9) is conformally equivariant if and only if
Eq. (5.9) for any f is equivalent to

ĤΨ = 0 (5.13)

where

Ĥ = Ĥf |f=0 and Ψ = Ψf |f=0

are the Hamilton operator and the wave function in
the harmonic time gauge.

6. The Conformal Laplace Operator

In this section we search for a linear combination

∆a = ∆+ aR (6.1)

of the Laplace-Beltrami operator ∆ = ∆[G] and the
Ricci scalar curvature R = R[G] of an n -dimensional
manifold M , such that ∆a is not only a generally co-
variant but also a conformal operator of weight −2,
which furthermore transforms according to the con-
jugate representation Db of Weyl transformations of
weight b on the Hilbert space H(M). With f ∈
C∞(M), the latter transform H := H(M) to Hf :=
ebfH . Then the conformal operator on Hf is

∆fa = e(b−2)f∆ae−bf (6.2)

where ∆fa = ∆
f + aRf with

∆f =f Gij∇fi∇fj . (6.3)

Here the covariant derivative ∇f is determined by the
connection Γf corresponding to the metric Gf . Since
the components of the inverse metric are

fGij = e−2fGij , (6.4)

the connection coefficients are

fΓkij =
1
2
fGkl

{f
Gli,j +fGli,j −fGij,l

}
= Γkij +

{
δki f,j + δkj f,i −Gijf

,k
}

(6.5)

and the Ricci scalar for fG is
fR = e−2fGcd

[
Rcd − 2(n−1)f,cd

− (n−1)(n−2)f,cf,d + 2(n−1)Γecdf,e
]

e−2f
{
R− 2(n−1)∆f − (n−1)(n−2)f ,kf,k

}
. (6.6)

On Hf we find
∆f = fGij f∇i ∂j
= e−2f∆− e−2fGcd{f,i∂j + f,j∂i − Γijfk∂k} (6.7)

in terms of the original metric G and its Laplacian ∆
on acting on H . Thus we obtain
∆fΨf = e(b−2)f

{
∆Ψ+ [2(b− 1) + n]f ,kΨ,k

+ [b∆f + (b+ n− 2)bfkfk]Ψ
}

(6.8)
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and together with Eq. (6.6) it is

∆faΨ
f = e(b−2)f

{
∆aΨ+ [2(b− 1) + n]f ,kΨ,k

+ [A∆f +Bfkfk]Ψ
}

(6.9)

with the coefficients

A = b− 2(n−1)a, B = (b+n−2)b− (n−1)(n−2)a.
(6.10)

Vanishing of the f ,kΨ,k term in Eq. (6.9) requires

b = 1− n/2 = −(n− 2)/2, (6.11)

which then yields the coefficients

A = −2(n− 1)a− (n− 2)/2 (6.12)

and

B = −(n− 2)(n− 1)a− (n− 2)2/4 (6.13)

both proportional to 4(n − 1)a + (n − 2). Then for
n �= 1 their vanishing requires

a = − n− 2
4(n− 1) ≡ −ξc. (6.14)

For n = 1 the condition (6.11) implies b = 1
2 where

A �= 0 �= B , whereas the vanishing of A and B , ac-
cording to Eq. (6.10), implies b = 0 where condition
(6.11) is violated. Thus for n = 1 there is no confor-
mal operator (6.1) for any value of a . This is because
every 1-dimensional manifold is intrinsically flat and
hence R ≡ 0, while the representation Db is nontrivial
for b = 1

2 .
Note that the condition (6.11) excludes the trivial

representation b = 0 in all dimensions except n = 2,
where a = b = 0 and Ψf = Ψ for all f , since any 2-
dimensional manifold is conformally flat. We find that
the operator (6.1) is conformally invariant if and only
if n �= 1 and the values of a and b are given by Eq.
(6.11) and (6.14).

7. The Number ξc in Different Dimensions

In Sections 5 and 6 we saw that among all possible
parameters a the conformal coupling constant ξc is
distinguished. In this section we examine the depen-
dence of the number ξc = (D − 2)/[4(D − 1)] on
the dimension D . Therefore we consider the prime
factorization of ξc . Table 1 lists ξc =: rs with trivial
greatest common divisor of r and s , i.e. gcd(r, s) = 1,
the maximal prime factor pm contained in either r or
s and the least common multiple lcm(ξ) :=lcm(r, s),
for dimensions D = 3 . . . 30.

Table 1: pm and lcm of ξc for D = 3, . . . , 30.

D : 3 4 5 6 7 8 9 10 11
ξc = r

s
: 1

8
1
6

3
16

1
5

5
24

3
14

7
32

2
9

9
40

pm : 2 3 3 5 5 7 7 3 5
lcm : 8 6 48 5 120 42 224 18 360

12 13 14 15 16 17 18 19 20 21
5
22

11
48

3
13

13
56

7
30

15
64

4
17

17
72

9
38

19
80

11 11 13 13 7 5 17 17 19 19
110 528 39 728 210 960 68 1224 342 1520

22 23 24 25 26 27 28 29 30
5
21

21
88

11
46

23
96

6
25

25
104

13
54

27
112

7
29

7 11 23 23 5 13 13 7 29
105 1848 506 2208 150 2600 702 3024 203

Assume that a system is described by a Lagrangian

L(q, q̇) := L1(q, q̇) + ξcL2(q, q̇), (7.1)

where q denotes the configuration variables. Thus for
the ground state |0 > we obtain (in natural units with
h̄ = 1)

< 0|H|0 >= ω1 + ξcω2 (7.2)

with frequencies ω1,2 =< 0|H1,2|0 > respectively. The
latter are the better in resonance the smaller the lcm
of ξc and the ‘simpler’ the fraction ξc . From the above
table we find the best resonance for D = 6, followed
by D = 4 and D = 3. In these dimensions ξ−1

c is
just an integer. Besides D = 6, 4, 3 the next best is
D = 10 with ξc = 2

9 . Note that all dimensions of the
form D = 4i+ 2, i ∈ IN are more resonant than their
neighboring dimensions. If we admit for the rational
composition only the first 3 prime numbers, then in the
range 10 < D < 81 the next best choice is D = 26.

In the following section we will see that ξc is also
a critical coupling in a class of Lagrangian models of
gravity plus scalar field. Then in the coupling limit
ξ → ξc the resonance might become relevant asymp-
totically.

8. Conformally Equivalent Lagrangian Mod-
els

Now we want to study the effect of transformations
(2) in more detail. One application of special interest
is the transformation from a Lagrangian model with
minimally coupled scalar field (MCM) to a conformally
equivalent one with not minimally coupled scalar field
(CCM) and vice versa. Let us follow [17] and consider
an action of the kind

S =
∫
dDx

√
|g|(F (φ,R)− ε

2
(∇φ)2), (8.1)

specialized to the R -linear case

F (φ,R) = f(φ)R− V (φ). (8.2)
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A conformal transformation to the MCM yields a met-
ric

ĝµν = e2ωgµν , (8.3)

where

ω :=
1

D − 2 ln
(
2κ2

∣∣∣∣∂F∂R
∣∣∣∣
)
+ C, (8.4)

and a scalar field

Φ = (2κ)−1

∫
dφ

{
2εf(φ) + ξ−1

c (f ′(φ))2

f2(φ)

}1/2

(8.5)

where, as before,

ξc :=
D − 2
4(D − 1) (8.6)

is the conformal coupling constant.
With the MCM potential

U(Φ) = (sign f(φ))
[
2κ2|f(φ)|]−D/(D−2)

V (φ) (8.7)

(signx being +1 for x ≥ 0 and −1 for x < 0) the
corresponding MCM action is

S = sign f
∫
dDx

√
|ĝ|

(
−1
2
[
(∇̂Φ)2 − 1

κ2
R̂

] − U(Φ)
)
.

(8.8)

In the following we concentrate on the example

f(φ) =
1
2
(1− ξφ2), (8.9)

V (φ) = Λ. (8.10)

The constant V = Λ corresponds to a non-constant
potential

U(Φ) = ±Λ|κ2(1− ξφ2)|−D/(D−2) (8.11)

respectively for φ2 < ξ−1 or φ2 > ξ−1 .
Let us set in the following ε = 1. Then we obtain

Φ = κ−1

∫
dφ

{
1 + c ξφ2

(1− ξφ2)2

}1/2

, (8.12)

where

c :=
ξ

ξc
− 1. (8.13)

For ξ = 0 it is Φ = κ−1φ + A , i.e. the coupling
remains minimal. To calculate this integral for ξ �= 0,
we substitute u := ξφ2 . To assure a solution of (8.12)
to be real, let us assume ξ ≥ ξc which yields c ≥ 0.

Then we obtain

Φ =
signφ
2κ

√
ξ

∫ √
u−1 + c

|1− u| du+ C<
>

=
sign ((1− ξφ2)φ)

2κ
√
ξ

× ln [2
√
1+c

√
1+cξ φ2

√
ξ|φ|+ (2c+1)ξ φ2+1]

√
1+c

[2
√
cξ(1+cξφ2)|φ|+ 2cξφ2+1]

√
c · |1−ξφ2|√1+c

+ C<
>
. (8.14)

The integration constants C<
>
for φ2 < ξ−1 and φ2 >

ξ−1 respectively may be arbitrary functions of ξ and
the dimension D . The singularities of the transform
φ→ Φ are located at φ2 = ξ−1 .

If the coupling is conformal ξ = ξc , i.e. c = 0, the
expression (8.14) simplifies to

κΦ =
1√
ξc
[(artanh

√
ξcφ) + c<] (8.15)

for φ2 < ξ−1
c and to

κΦ =
1√
ξc
[(arcoth

√
ξcφ) + c>] (8.16)

for φ2 > ξ−1
c . This result agrees with [18]. For D = 4

it has been obtained earlier in [9, 10, 19]. In [19] it has
been shown for D = 4, that while the MCM shows a
curvature singularity, the CCM with φ from Eq. (8.15)
has no such singularity. The quantity

ω =
1

D − 2 ln(κ
2|1− ξcφ

2|) + C. (8.17)

determines the conformal factor. Hence the conformal
transformation has a singularity at φ2 = ξ−1

c , sepa-
rating different regions in φ where conformal equiva-
lence between the MCM and CCM holds. Eqs.(8.15)
and (8.16) illustrate a qualitatively different behavior
in the two regions. In [1] this qualitative difference has
been also found in multidimensional solutions of the
corresponding models.

9. Application to Multidimensional
Cosmologies

In what follows we want to pursue the compari-
son of the MCM and the CCM on the level of their
classes of solutions for a multidimensional geometrical
model of cosmology. Let us specify the geometry for
the MCM to be of multidimensional type (2.8), with
all Mi , i = 1, . . . , n being Ricci-flat and the minimally
coupled scalar field to have zero potential U ≡ 0. In
the harmonic time gauge (4.7) with the harmonic time

τ ≡ t
(m)
h , (9.1)

we demand this model to be a solution for (4.8) with
vanishing R(1) and U(Φ) with βn+1 = κΦ. This solu-
tion is a multidimensional Kasner like universe, given
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by

β̂i = biτ + ci, γ̂ =
n∑
i=1

diβ̂
i = Σbτ +Σc;

Σb :=
n∑
i=1

dib
i, Σc :=

n∑
i=1

dic
i, (9.2)

with i = 1, . . . , n+1, where with V ≡ 0 the constraint
(4.9) simply reads

Gijb
ibj + (bn+1)2 = 0. (9.3)

With Eq.(8.17) the scaling powers of the universe given
by Eqs.(9.2) with i = 1, . . . , n transform to the corre-
sponding scale factors of the CCM universe

βi = β̂i − ω

= biτ +
1

2−D ln |1−ξc(φ)2|+ ci +
2

2−D lnκ− C (9.4)

and

γ =
n∑
i=1

diβ
i = Σbτ +

1
2−D ln |1−ξc(φ)2|

+ Σc +
2

2−D lnκ− C. (9.5)

Let us take for simplicity

C =
2

2−D lnκ, (9.6)

which yields the lapse function

eγ = eΣbτ+Σc |1− ξc(φ)2|1/(2−D) (9.7)

and for i = 1, . . . , n the scale factors

eβ
i

= eb
iτ+ci |1− ξc(φ)2|1/(2−D). (9.8)

Let us further set for simplicity

c< = c> =
√
ξcc

n+1. (9.9)

The transformation of the scalar field from the so-
lution (8.17) of the MCM

κΦ(τ) = bn+1τ + cn+1 (9.10)

to the scalar field of the CCM by Eqs.(8.15) and (8.16)
and the substitution of the latter into Eqs.(9.7) and
(9.8) yield, with i = 1, . . . , n , the nonsingular scale
factors

eβ
i

= eb
iτ+ci cosh2/(D−2)(

√
ξcb

n+1τ)

eγ = eΣbτ+Σc cosh2/(D−2)(
√
ξcb

n+1τ) (9.11)

and the singular scale factors

eβ
i

= eb
iτ+ci | sinh2/(D−2)(

√
ξcb

n+1τ)|
eγ = eΣbτ+Σc | sinh2/(D−2)(

√
ξcb

n+1τ)| (9.12)

for the CCM. The scale factor singularity of the MCM
for τ → −∞ vanishes in the CCM of Eqs. (9.11) for a
scalar field φ bounded according to (8.15). For D = 4
this result had already been indicated by [19].

On the other hand, in the CCM of Eqs.(9.12), with
φ according to (8.16), though the scale factor singu-
larity of the MCM for τ → −∞ has also disappeared,
instead there is another new scale factor singularity at
finite (harmonic) time τ = 0.

Let us consider a special case of the nonsingular
solution with φ2 < ξ−1

c , where we assume the internal
spaces to be static in the MCM, i.e., bi = 0 for i =
2, . . . , n . Then in the CCM, the internal spaces are no
longer static. Their scale factors 9.11) with i > 2 have
a minimum at τ = 0. Recall that for solution (9.2)
all spaces Mi , internal and external, i = 1, . . . , n have
been assumed to be flat. From Eq.(9.3) with G11 =
d1(1− d1) we find that the scalar field is given by

(bn+1)2 = d1(d1 − 1)(b1)2. (9.13)

With real b1 then also

bn+1 = ±
√
d1(d1 − 1)b1 (9.14)

is real and by Eq.(9.11) the scale a1 of M1 has a min-
imum at

τ0 = (
√
ξcb

n+1)−1artanh
(
(2−D)
2
√
ξc

b1

bn+1

)
, (9.15)

with τ0 > 0 for b1 < 0 and τ0 < 0 for b1 > 0.
The points τ = τ0 and τ = 0 are the turning

points at the minimum for the factor spaces M1 and
M2, . . . ,Mn , respectively. It is possible to explain the
creation of our Lorentzian universe by a ”birth from
nothing” [20], i.e., quantum tunneling from an Eu-
clidean region (see [1]), and (according to [12]) this
interpretation has a direct topological correspondence
in a projective blow-up of a singularity.

Remarkably, the multidimensional geometries with
τ < τ0 and τ > τ0 are τ -asymmetric to each other.
Taking one as contracting, the other as expanding with
respect to M1 , the two are distinguished by a qualita-
tively different behavior of internal spaces Mk , k ≥ 2.

In contrast to models with only one (external) space
factor M1 , the additional internal spaces M2, . . . ,Mn

yield an asymmetry of M in (harmonic) time τ for
τ0 �= 0, which is according to Eq.(9.15) the case exactly
when D �= 2 and the external space is nonstatic, i.e.,
b1 �= 0.

The extremal hypersurfaces of the external and in-
ternal spaces are located at different times τ = τ0 and
τ = 0. Let M1 be the external space with b1 > 0 and
hence τ0 < 0. Let us start with an Euclidean region
of complex geometry given by the scale factors

ak = e−ib
kτ+c̃k | sin(

√
ξcb

n+1τ)|2/(D−2). (9.16)
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Figure 1: Quantum birth with compact Ricci-flat spaces and birth time τ1 of external Lorentzian space M1 . The birth
of internal factor space M2 is delayed by the interval ∆τ = |τ2 − τ1| . The internal space Mk remains for ever in the
(unobservable) classically forbidden region (τk → ∞).

Then we can perform an analytic continuation to the
Lorentzian region with τ → iτ + π/(2

√
ξcb

n+1), and
we require ck = c̃k − iπbk/(2

√
ξcb

n+1) to be a real
constant of the real geometry (9.8).

First the factor space M1 comes into real existence
and after a time interval ∆τ = |τ0| the internal factor
spaces M2, . . . ,Mn appear in the Lorentzian region.
Since ∆τ is arbitrarily large, there is in principle an
alternative explanation of the unobservable extra di-
mensions, independent of the concepts of compactifi-
cation and shrinking to a fundamental length in sym-
metry breaking. Here, they may have been up to now
still in the Euclidean region and hence unobservable.
This view is also compatible with the interpretation
[12] of the internal symmetries as complex resolutions
of simple singularities of Cartan series ADE.

Now let us perform a transition from the Lorentzian
time τ to the Euclidean time iτ . Then with a simul-
taneous transition from bk to −ibk for k = 1, . . . , n
the geometry remains real, since β̂k = bkτ + ck is un-
changed, but the analog of Eq.(9.14) for the Euclidean
region then becomes

bn+1 = ∓i
√
d1(d1 − 1)b1. (9.17)

Hence the scalar field is purely imaginary. This solu-
tion corresponds to a classical (instanton) wormhole.
The sizes of the wormhole throats in the factor spaces
M2, . . . ,Mn coincide with the sizes of static spaces in
the MCM, i.e. â2(0), . . . , ân(0), respectively.

With Eq.(9.6) replaced by (9.17), Eq.(9.15) remains
unchanged in the transition to the Euclidean region,

and the minimum of the scale a1 (unchanged geometry
!) now corresponds to the throat of the wormhole.

The quantum creation (via tunneling) of different
factor spaces Mi with nonvanishing constants bi, ci

takes place at different times τk (see Fig. 1).

10. Conclusion

We have emphasized that conformal coordinate trans-
formations (1) have to be distinguished sharply from
conformal transformations of geometrical Lagrangian
models (2). Similarily conformal equivalence trans-
formations (2) of the classical Lagrangian models and
minisuperspace conformal transformations (3) are con-
ceptually very different procedures, which have to be
kept apart very carefully. For multidimensional ge-
ometries (2.8) global conformal transformations of the
factor spaces lead only to coordinate translations in
the corresponding minisuperspace M .

Canonical quantization of conformally equivalent
models (2) should not be expected to yield minisu-
perspace conformal WDW equations equivalent under
(3). This is especially evident when the minisuperspace
contains also data beyond pure geometry, e.g., a scalar
field. While a scalar field coupled to D -dimensional
geometry transforms to the scalar field of the equiva-
lent model by a complicated integral transform (see e.g.
Eq.(8.14)), on the minisuperspace MS it is described
just as an additional coordinate on equal footing with
coordinates from geometry.
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In Sec.7 we have seen that, besides playing a distin-
guished role for invariance under both (2) and (3), the
conformal coupling constant ξc number-theoretically
indicates different stability for different dimensions,
with distinguished dimensions 3, 4, 6, 10 and 26.

In Sec.9 the equivalent Lagrangian models of Sec. 3
have been compared on the level of multidimensional
solutions. For the case of a massless ( U(Φ) = 0 )
minimally coupled scalar field Φ we found a multidi-
mensional generalization of the classical Kasner solu-
tion. A conformal transformation of the Kasner solu-
tion for the MCM with flat internal spaces Mi yields
the nonsingular solution (9.11) for φ2 < ξ−1

c and the
singular solution (9.12) for φ2 > ξ−1

c . This resolution
of the scale factor singularity of the Kasner solution
for a proper CCM solution (9.11) confirms for arbi-
trary dimension D what has been indicated in Ref.[19]
for D = 4. At φ2 = ξ−1

c there is a singularity of
the conformal transformation. The conformal equiva-
lence holds only separately in the ranges φ2 < ξ−1

c and
φ2 > ξ−1

c .
In the special case of static internal spaces, we find

a minimal scale a1(τ0) at (harmonic) time τ0 where
the birth of the universe M is happening. An an-
alytic continuation of this solution to the Euclidean
time region (preserving real geometry) yields a purely
imaginary scalar field. This solution corresponds to
an (instanton) wormhole, where the scale a1(iτ0) now
indicates the throat of the wormhole.
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