
Gravitation & Cosmology, Vol. 1 (1995), No. 2, pp. 133–148

c© 1995 Russian Gravitational Society

MULTIDIMENSIONAL CLASSICAL AND QUANTUM COSMOLOGY

WITH PERFECT FLUID

V.D. Ivashchuk and V.N. Melnikov

Center for Gravitation and Fundamental Metrology, VNIIMS, 3–1 M. Ulyanovoy Str., Moscow 117313, Russia1

Received 25 March 1995

A cosmological model describing the evolution of n Ricci-flat spaces (n > 1) in the presence of a one-component

perfect-fluid and a minimally coupled scalar field is considered. When the pressures in all spaces are proportional to

the density: pi = (1−hi)ρ , hi = const , the Einstein and Wheeler-DeWitt equations are integrated for a large variety

of parameters hi . Classical and quantum wormhole solutions are obtained for negative density ρ < 0. Some special

classes of solutions, e.g., solutions with spontaneous and dynamical compactification, exponential and power-law

inflations and nonsingular ones, are singled out. For ρ > 0 a third-quantized cosmological model is considered and

the Planckian spectrum of created universes is obtained.

PACS numbers: 04.20, 04.40.

1. Introduction

In the recent years the Kaluza-Klein ideas [1, 2] (see
also [3–6]) and superstring theory [7] greatly stimu-
lated the interest to multidimensional cosmology (see,
for example, [8–58] and references therein).

Classical and quantum multidimensional cosmolog-
ical models were investigated in our papers starting
from [28–31] (and for the spherically symmetric case
from [59, 60]). Some windows to observational effects
of extra dimensions were found and analyzed, such as
possible variations of the effective gravitational con-
stant and its relations to other cosmological parame-
ters [28, 29, 37].

One may believe that multidimensional models are
most adequate in the description of the early stages of
the Universe evolution where the unification of physi-
cal interactions, incorporating extra dimensions, must
play an essential role.

There are also hopes that some fundamental prob-
lems of modern cosmology may be successfully solved
within multidimensional models.

The treatment of classical models may be, however,
only the necessary first step in analyzing the properties
of the ”Early Universe” and the last stages of the grav-
itational collapse in a multidimensional approach. In
quantum multidimensional cosmology we hope to find
answers to such questions as the singular state, the
”creation of the Universe”, the nature and value of the
cosmological constant, some ideas on possible ”seeds”
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of the observable structure of the Universe, the stabil-
ity of fundamental constants etc. In the third quanti-
zation scheme the problems of topological changes may
be treated thoroughly. It should be noted that multi-
dimensional schemes may be also used in multicom-
ponent inflationary scenarios [66–69] (see for example
[56–58]).

In this paper we consider a rather general cosmo-
logical model describing the evolution of n Ricci-flat
spaces (n > 1) with a 1-component perfect-fluid and a
minimally coupled scalar field as matter sources. The
pressures in all spaces are proportional to the energy
density and the proportionality factors satisfy a certain
inequality (see (2.8) and (2.13)). This model incorpo-
rates many special cases of interest and is investigated
in classical, quantum and third quantized cases, and
the corresponding exact solutions are found. Some par-
ticular models of this type were considered previously
by many authors (see, for example, [14, 19, 20, 21, 24,
30, 36]). In [47] some classes of exact solutions to Ein-
stein and Wheeler-DeWitt equations with a multicom-
ponent perfect fluid and a chain of Ricci-flat internal
spaces were obtained. In [49] new families of classical
solutions for the model [47] (including Toda-like ones)
were considered.

The paper is organized as follows. In Sec.2 a gen-
eral description of the model is performed. In Sec.3 we
integrate the Einstein equations and analyze a class
of exceptional (inflationary) solutions. (Solutions with
n = 2 were considered recently in [58, 59]). The
isotropization-like and Kasner-like asymptotical be-
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haviours of the solutions are analyzed. In Subsec.3.5
some special cases, such as isotropic (when the pres-
sures in all spaces are equal) and curvature-like ones,
are investigated. In the last case there are solutions
with so-called spontaneous and dynamical compactifi-
cations. The instanton solutions (classical wormholes)
with an imaginary scalar field and negative energy den-
sity are also obtained. (The interest to wormhole solu-
tions, which play an important role in quantum gravity,
is greatly stimulated by the papers [71, 72, 73]). We
note that exact solutions for a 1-component perfect
fluid (without a scalar field) and a chain of Ricci-flat
spaces, were obtained for the first time in [30] (see
also [47]). The case of a cosmological constant was
considered previously in [46, 48].

In Sec.4 we consider our model at the quantum level
(for pioneering papers see [74]-[79]). Here we quantize
the scale factors and the scalar field but treat the per-
fect fluid as a classical object. Such an approach is
quite consistent at least in certain special situations
such as the Λ-term [46, 48] and curvature [40]-[43]
cases.

In Sec.4 theWheeler-DeWitt equation for the model
is solved and quantum wormhole solutions are ob-
tained. The notion of quantum wormholes was intro-
duced by Hawking and Page as a quantum extension
of the classical wormhole paradigm (see also [83–85]
and [41, 42, 46, 48]). They proposed to regard quan-
tum wormholes as solutions of the Wheeler-DeWitt
(WDW) equation with the following boundary condi-
tions: (i) the wave function is exponentially damped
for large ”spatial geometry”; (ii) the wave function is
regular when the spatial geometry degenerates. The
first condition expresses the fact that the space-time
should be Euclidean at the spatial infinity. The second
one should reflect the fact that the space-time is non-
singular when the spatial geometry degenerates. (For
example, the wave function should not oscillate in-
finitely many times). The multidimensional quantum
wormhole solutions of this paper may be considered to
be a natural extension of the corresponding solutions
of [41, 42] and [46, 48] for the curvature and Λ-term
cases, respectively.

In Sec.5 a third quantized cosmology is investigated
along the line of [40] and [54] for the curvature and cos-
mological constant cases, respectively. Here we are led
to the theory of massless conformally coupled scalar
field in a conformally flat generalized Milne universe
[54]. In- and out-vacua are defined and a Planckian
spectrum for the out-universes created (from an in-
vacuum) is obtained using standard relations [88, 89].
The temperature is shown to depend upon the equation
of state. It should be noted that recently the interest
to the third quantized models was stimulated by the
papers [90, 91] (see also [92]-[96] and references there-

in).

2. The model

We consider a cosmological model describing the evo-
lution of n Ricci-flat spaces in the presence of a 1-
component perfect-fluid matter [47] and a homoge-
neous massless minimally coupled scalar field. The
metric of the model

g = − exp[2γ(t)]dt⊗ dt+
n∑
i=1

exp[2xi(t)]g(i), (2.1)

is defined on the manifold

M = R×M1 × . . .×Mn, (2.2)

where the manifold Mi with the metric g(i) is a Ricci-
flat space of dimension Ni , i = 1, . . . , n ; n ≥ 2. We
take the field equations in the following form:

RM
N − 1

2
δMN R = κ2TM

N , (2.3)

✷ϕ = 0, (2.4)

where κ2 is the gravitational constant, ϕ = ϕ(t) is
scalar field, ✷ is the d’Alembert operator for the met-
ric (2.1) and the energy-momentum tensor is adopted
in the form

TM
N = T

M(pf)
N + T

M(ϕ)
N , (2.5)

(TM(pf)
N ) = diag (−ρ, p1δ

m1
k1

, . . . , pnδ
mn

kn
), (2.6)

T
M(ϕ)
N = ∂Mϕ∂Nϕ− 1

2δ
M
N (∂ϕ)

2. (2.7)

We assume the pressures of the perfect fluid in all
spaces to be proportional to the density:

pi(t) = (1− ui
Ni
)ρ(t), (2.8)

where ui = const, i = 1, . . . , n .
We also impose the following restriction on the vec-

tor u = (ui) ∈ Rn :

< u, u >∗< 0. (2.9)

Here the bilinear form < ., . >∗: Rn × Rn → R is
defined by the relation

< u, v >∗= Gijuivj , (2.10)

u, v ∈ Rn , where

Gij =
δij

Ni
+

1
2−D

(2.11)

are components of the matrix inverse to the matrix of
the minisuperspace metric [30, 31]

Gij = Niδij −NiNj . (2.12)

In (2.11) D = 1 +
∑n

i=1 Ni is the dimension of the
manifold M (2.2).
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Remark 1. This restriction (2.9) reads

<u, u>∗ ≡ Gijuiuj =
n∑
i=1

(ui)2

Ni
+

1
2−D

(
n∑
i=1

ui)2 < 0.

(2.13)

In the notations of [30] < u, u >∗= ∆́(h)/(2−D).

3. Classical solutions

The Einstein equations (2.3) imply ∇MTM
N = 0 and

due to (2.4) ∇MT
M(pf)
N = 0 or equivalently

ρ̇+
n∑
i=1

Niẋ
i(ρ+ pi) = 0. (3.1)

From (2.8), (3.1) we get

κ2ρ(t) = A exp[−2Nix
i(t) + uix

i(t)], (3.2)

where A = const. For positive ρ(t) the constant A
is also positive. We put A 	= 0 (the case A = 0 was
considered thoroughly in [53]).

It is not difficult to verify that the field equations
(2.3), (2.4) for the cosmological metric (2.1) in the har-
monic time gauge

γ0 ≡
n∑
i=1

Nix
i (3.3)

with the energy-momentum tensor from (2.5)-(2.7) and
the relations (2.8), (3.2) imposed are equivalent to the
Lagrange equations for the Lagrangian

L =
1
2
(Gij ẋ

iẋj + κ2ϕ̇2)− κ2A exp(ukxk) (3.4)

with the energy constraint

E =
1
2
(Gij ẋ

iẋj + κ2ϕ̇2) + κ2A exp(ukxk) = 0 (3.5)

(for ϕ = 0 see [47, 56]).
Recall [30, 31] that the minisuperspace metric

G = Gijdx
i ⊗ dxi (3.6)

has the pseudo-Euclidean signature (−,+, . . . ,+), i.e.
there is a linear transformation

za = eai x
i, (3.7)

diagonalizing the minisuperspace metric (3.6), (2.12)

G = ηabdz
a ⊗ dzb = −dz0 ⊗ dz0 +

n−1∑
i=1

dzi ⊗ dzi,(3.8)

where

(ηab) = (ηab) ≡ diag (−1,+1, . . . ,+1), (3.9)

a, b = 0, . . . , n− 1. From (3.7)-(3.8) we get

ηabe
a
i e

b
j = Gij (3.10)

and as a consequence

eiaGije
j
b = ηab, eia = ηabG

ijebj , (3.11)

where (eia) = (e
a
i )

−1 . As in [47], we put

e0
i = ui/(2q) =⇒ z0 = uix

i/(2q), (3.12)

where here and henceforth

2q ≡ √− < u, u >∗. (3.13)

It may be done since < ., . >∗ is a bilinear symmetric 2-
form of the signature (−,+, . . . ,+) and < u, u >∗< 0
[47]. An example of diagonalization (3.7) satisfying
(3.12) was considered in [30, 31]. From (3.11) and
(3.12) we get

ei0 = −Gije0
j = −ui/(2q), ui ≡ Gijuj . (3.14)

We also denote

zn = κϕ. (3.15)

The Lagrangian (3.4) in the z variables (3.7),
(3.15) (with the relation (3.12) imposed) may be rewrit-
ten as

L =
1
2
ηAB ż

AżB − κ2A exp(2qz0), (3.16)

where the indices A,B = 0, . . . , n . The energy con-
straint (3.5) reads:

E =
1
2
ηAB ż

AżB + κ2A exp(2qz0) = 0. (3.17)

The Lagrange equations for the Lagrangian (3.16)

−z̈0 + 2qA exp(2qz0) = 0, (3.18)

z̈B = 0, B = 1, . . . , n, (3.19)

with the energy constraint (3.17) can be easily solved.
From (3.19) we have

zB = pBt+ qB , (3.20)

where pB and qB are constants and B = 1, . . . , n .
The first integral of Eq.(3.18) reads

−1
2
(ż0)2 +A exp(2qz0) + E = 0. (3.21)

Using (3.17), (3.20) and (3.21) we get

E = 1
2

n∑
B=1

(pB)2. (3.22)
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We obtain the following solution to Eqs.(3.18), (3.21)

exp(−2qz0)

= (A/E) sinh2(q
√
2E(t−t0)), E > 0, A > 0, (3.23)

= (A/|E|) sin2(q
√
2|E|(t−t0)), E < 0, A > 0,(3.24)

= 2q2A(t− t0)2, E = 0, A > 0, (3.25)

= (|A|/E) cosh2(q
√
2E(t−t0)), E > 0, A < 0.(3.26)

Here t0 is an arbitrary constant. For real zB (or,
equivalently, for real metric and scalar field) we get
from (3.22) E ≥ 0. The case E < 0 may take place
when a pure imaginary scalar field is considered.

3.1. Kasner-like parametrization for non-exceptional
solutions with a real scalar field

We first consider the real case with E > 0. In this case
the relations (3.23) and (2.26) may be written in the
following form:

exp(−2qz0) =
|A|
E f2

δ (q
√
2E(t− t0)), (3.27)

where δ ≡ A/|A| = ±1 and

fδ(x) ≡ 1
2
(ex − δe−x) = sinhx, δ = +1,

= coshx, δ = −1. (3.28)

We introduce a new time variable by the relation

τ =
T√
δ
ln
exp[q

√
2E(t− t0)] +

√
δ

exp[q
√
2E(t− t0)]−

√
δ

(3.29)

= T ln coth[
1
2
q
√
2E(t− t0)], δ = +1, (3.30)

= 2T arctan exp[−q
√
2E(t−t0)], δ = −1, (3.31)

where

T = T (u,A) ≡ (2q2|A|)−1/2

= (12 |A < u, u >∗ |)−1/2. (3.32)

For δ = +1 the variable τ = τ(t) monotonically de-
creases from +∞ to 0 when t − t0 is varying from 0
to +∞ . For δ = −1 it monotonically decreases from
πT to 0 when t− t0 is varying from −∞ to +∞ .

It is not difficult to verify that

sinh(τ
√
δ/T )/

√
δ = 1/fδ(q

√
2E(t−t0)), (3.33)

tanh(τ
√
δ/2T )/

√
δ = exp[−q

√
2E(t−t0)], (3.34)

dτ = −qT
√
2Edt/fδ(q

√
2E(t−t0)). (3.35)

To present the solutions obtained in a more famil-
iar form we now introduce the following dimensionless
”Kasner-like” parameters:

βi = −eiâp
â/(q

√
2E), (3.36)

βϕ = −pn/(q
√
2E). (3.37)

Here and henceforth â, b̂ = 1, . . . , n − 1. From Eqs.
(3.7), (3.14), (3.20) and (3.36) we have

xi = −(ui/2q)z0 + eiâ[p
â(t− t0) + q̄â]

= −(ui/4q2)(2qz0)− q
√
2E(t− t0)βi + γi,(3.38)

where

γi = eiâq̄
â, q̄â = qâ + pât0. (3.39)

Using (3.13), (3.27), (3.33), (3.34) and (3.38), we get
for the scale factors:

ai = ex
i

= Ai[sinh(rτ/T )/r]σ
i

[tanh(rτ/2T )/r]β
i

(3.40)

where r =
√
δ and

σi = 2ui/ < u, u >∗, Ai = (E/|A|)σi/2eγ
i

, (3.41)

i = 1, . . . , n . In a similar manner we obtain the ex-
pression for the scalar field (see (3.34), (3.37))

eκϕ = ez
n

= Aϕ[tanh(rτ/2T )/r]βϕ (3.42)

where Aϕ > 0 is constant.
We define a bilinear symmetric form < ., . > : Rn×

Rn → R by the relation

< α, β >= Gijα
iβj , (3.43)

α = (αi), β = (βi) ∈ Rn . Using the definitions (3.13),
(3.22), (3.36), (3.37) and the relations (3.11), we obtain
the relations between the Kasner-like parameters

< β, β > +(βϕ)2 = Gijβ
iβj + (βϕ)2

= 1/q2 = −4/ < u, u >∗, (3.44)

and (see (3.12))

uiβ
i = e0

i e
i
âP

â = δ0
âP

â = 0, (3.45)

where P â = −pâ
√
2/E .

Similarly to (3.45), we get uiγ
i = 0 and hence (see

(3.41))

n∏
i=1

Aui
i = E/|A|. (3.46)

Thus the additional integral of motion E is a certain
combination of parameters Ai and |A| depending on
the equation of state (2.8).

We also introduce the ”quasi-volume” scale factor

v =
n∏
i=1

a
ui/2
i = exp(12uix

i). (3.47)

From (3.12), (3.27), (3.33), (3.46) (see also (3.40),
(3.45)) we have

v =
v0

r
sinh

rτ

T
=

√
E/|A|/[fδ(q

√
2E(t− t0))]. (3.48)



Multidimensional Classical and Quantum Cosmology with Perfect Fluid 137

Here

v0 =
n∏
i=1

A
ui/2
i . (3.49)

The quasi-volume scale factor oscillates for A < 0
(negative energy density) and exponentially increases
as τ → +∞ for A > 0 (positive energy density).

From (3.3), (3.32), (3.35), (3.47), (3.48) we get

e2γ0(t)dt⊗ dt =
( n∏
i=1

a2Ni
i

)
f2
δ (q

√
2E(t−t0))

dτ ⊗ dτ

2q2ET 2

=
( n∏
i=1

a2Ni−ui
i

)
dτ ⊗ dτ. (3.50)

Thus we get the following solution to the field equa-
tions (2.3) and (2.4):

g = −
[ n∏
i=1

(ai(τ))2Ni−ui

]
dτ ⊗ dτ +

n∑
i=1

a2
i (τ)g

(i),

(3.51)

ai(τ) = Ai

(1
r
sinh

rτ

T

)2ui/<u,u>∗(1
r
tanh

rτ

2T

)βi

,

(3.52)

eκϕ(τ) = Aϕ

(1
r
tanh

rτ

2T

)βϕ

, (3.53)

κ2ρ(τ) = A

n∏
i=1

(ai(τ))ui−2Ni , (3.54)

i = 1, . . . , n ; where r =
√

A/|A| , T is defined in
(3.32), Ai, Aϕ > 0 are constants, and the parameters
βi, βϕ satisfy the relations

n∑
i=1

uiβ
i = 0,

n∑
i,j=1

Gijβ
iβj + (βϕ)2 = −4/<u, u>∗ = 1/q2.(3.55)

Here τ > 0 for A > 0 and 0 < τ < πT for A < 0.
We note that the solution (3.51)-(3.55) without

scalar field (βϕ = 0) was obtained previously in [47].
For ui = 2Ni (Λ-term case) the solution was consid-
ered in [48] (for βϕ = 0 see also [46]), where Euclidean
wormholes were constructed.

For small values of τ we have the following asymp-
totic relations

ai(τ) ∼ Ciτ
β̄i

, eκϕ(τ) ∼ Cϕτ
βϕ (3.56)

as τ → 0, i = 1, . . . , n , where Ci, Cϕ are constants
and β̄i = βi + σi are the new Kasner-like parameters,
satisfying the relations

uiβ̄
i = 2, Gij β̄

iβ̄j + β2
ϕ = 0. (3.57)

3.2. Exceptional solutions

Now we consider the exceptional real solutions corre-
sponding to E = 0 and A > 0 (see (3.25)). From
E = 0 and (3.22) we have pB = 0 and hence

zB = qB (3.58)

are constant, B = 1, . . . , n . So, κϕ = zn = const in
this case. From (3.7) and (3.12) we have

xi = −(ui/4q2)(2qz0) + γi, γi = eiâq
â, (3.59)

( â = 1, . . . , n − 1). Using (3.13), (3.25), (3.32) and
(3.59) for t > t0 , we get

ai = ex
i

= [(t− t0)/T ]−σ
i

eγ
i

, (3.60)

i = 1, . . . , n .
Introducing the new time variable τ by

T/(t− t0) = exp[±(τ − τ0)/T ], t > t0, (3.61)

we obtain

ai(τ) = Āi exp(±σiτ/T ), (3.62)

where

Āi = exp(∓σiτ0/T ) exp(γi), (3.63)

i = 1, . . . , n .
Similarly to (3.45) we get uiγ

i = 0 and hence (see
(3.63))

n∏
i=1

Āui
i = exp(∓2τ0/T ). (3.64)

For the quasi-volume from (3.62) and (3.64) we get

v =
n∏
i=1

a
ui/2
i = exp[±(τ − τ0)/T ]. (3.65)

Thus for A > 0 we have a family of exceptional
solutions with a constant real scalar field

g = −
( n∏
i=1

(ai(τ))2Ni−ui

)
dτ ⊗ dτ +

n∑
i=1

a2
i (τ)g

(i),

(3.66)

ai(τ) = Āi exp[±2uiτ/(T < u, u >∗)], (3.67)

ϕ(τ) = const, (3.68)

and ρ(τ) is determined by (3.54). Here Āi > 0 (i =
1, . . . , n) are constants, and T is defined in (3.32).

We note that for A > 0 the solution (3.67) with
the + sign is an attractor for the solutions (3.52), i.e.,

ai(τ) ∼ Āi exp(σiτ/T ), ϕ(τ) ∼ const, (3.69)

i = 1, . . . , n , for τ → +∞ .
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Synchronous-time parametrization

The relations (3.67) imply

n∏
i=1

a2Ni−ui
i = P̄ 2 exp[±2(σ̄ − 1)τ/T ], (3.70)

where

P̄ =
n∏
i=1

Ā
Ni−ui/2
i , (3.71)

σ̄ =
2Niu

i

< u, u >∗
=

< u(Λ), u >∗
< u, u >∗

. (3.72)

Here and henceforth

u
(Λ)
i = 2Ni. (3.73)

Now we introduce the synchronous time variable ts
satisfying the relation

P̄ 2 exp[±2(σ̄ − 1)τ/T ] dτ ⊗ dτ = dts ⊗ dts. (3.74)

First we consider the case

σ̄ 	= 1 ⇐⇒ < u(Λ) − u, u >∗ 	= 0. (3.75)

Introducing ts by the formula

ts =
P̄ T

|σ̄ − 1| exp[±(σ̄ − 1)τ/T ] > 0, (3.76)

we get for the scale factors

ai = ai(ts) = Ait
νi

s , (3.77)

where

νi = σi/(σ̄ − 1) = 2ui/ < u(Λ)−u, u >∗ (3.78)

and

Ai = Āi[|σ̄ − 1|/(P̄ T )]ν
i

. (3.79)

The parameters νi (3.78) satisfy the relation

νi(2Ni − ui) = 2. (3.80)

Eqs. (3.32), (3.71), (3.79) and (3.80) imply

n∏
i=1

Aui−2Ni
i = T 2/(σ̄ − 1)2

= −2<u, u>∗/(A<u(Λ)−u, u>2
∗).(3.81)

From (3.54), (3.77), (3.80) and (3.81) we get the
following formula for the density:

κ2ρ = κ2ρ(ts) =
−2 < u, u >∗

< u(Λ) − u, u >2∗ t2s
. (3.82)

The metric reads:

g = −dts ⊗ dts +
n∑
i=1

a2
i (ts)g

(i), (3.83)

where the scale factors are determined by (3.77), i =
1, . . . , n . Thus Eqs. (3.54), (3.77), (3.82), (3.83) and
ϕ = const describe the exceptional solutions for the
case (3.75). We call them power-law inflationary solu-
tions.

Now let us consider the case

σ̄ = 1 ⇐⇒ < u(Λ) − u, u >∗= 0. (3.84)

From (3.54), (3.70) we obtain

κ2ρ = AP̄−2 = const. (3.85)

Introducing the synchronous time ts = P̄ τ , from
(3.67) we get

ai(ts) = Āi exp[∓ ui√− < u, u >∗
ts
T0
], (3.86)

where

T0 = (2κ2ρ)−1/2. (3.87)

Eqs. (3.83), (3.85)-(3.87) and ϕ = const describe the
exponential-type inflation for the case (3.84).

Let us consider the synchronous time parametriza-
tion for the solutions (3.51)-(3.55). The synchronous
time ts and the τ variable are related by

ts = εF (τ),
dF

dτ
= f(τ), (3.88)

where ε = ±1 and

f(τ) =
n∏
i=1

(ai(τ))Ni−ui/2

= P [sinh(rτ/T )/r]σ̄−1[tanh(rτ/2T )/r]β
iNi , (3.89)

κ2ρ(τ)

= AP−2[sinh(rτ/T )/r]2−2σ̄[tanh(rτ/2T )/r]−2βiNi ,

(3.90)

with P =
∏n

i=1 A
Ni−ui/2
i and σ̄ defined in (3.72).

From (3.90) it follows

f(τ) ∼ Bτp−1, τ → +0, (3.91)

where B > 0 is constant and

p = p(β) = σ̄ + βiNi = (σi + βi)Ni. (3.92)

Putting ε = sign (p), from (3.88) and (3.91) we get

ts ∼ B1τ
p, τ → +0, (3.93)

with B1 = B/|p| (here the integration constant in
(3.88) is properly fixed).

Proposition 1. Let 1/q2−(βϕ)2 ≥ 0. Then, for all β =
(βi) satisfying the relations (3.55), we have p(β) 	= 0
and

i) uiNi < 0 ⇒ p(β) > 0, (3.94)

ii) uiNi > 0 ⇒ p(β) < 0. (3.95)

Proposition 1 is a special case of a more general
Proposition 2 proved in the Appendix:
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Proposition 2. Let two vectors u = (ui), v = (vi) ∈
Rn satisfy the inequalities < u, u >∗≡ −4q2 < 0 and
< v, v >∗< 0. Then uivi =< u, v >∗ 	= 0 and for all
β = (βi) such as

uiβ
i = 0, Gijβ

iβj ≤ 1/q2, (3.96)

the following relation is valid:

sign (uivi) = −sign ((σi + βi)vi), (3.97)

where σi = 2ui/ < u, u >∗ .

For the vector

vi = Ni =
1
2
u

(Λ)
i (3.98)

we have

vi = N i = GijNj =
1

2−D
(3.99)

and hence

< v, v >∗= NiN
i = −D − 1

D − 2 < 0. (3.100)

Thus Eqs. (3.92), (3.100) and Proposition 2 imply the
Proposition 1.

From (3.99) we get

uiN
i =

1
2−D

n∑
i=1

ui. (3.101)

Using (3.93), (3.101) and Proposition 1, we obtain

ts → +0 as τ → +0, (3.102)

for

(A)
n∑
i=1

ui > 0, p(β) > 0 (3.103)

and

ts → +∞ as τ → +0, (3.104)

for

(B)
n∑
i=1

ui < 0, p(β) < 0. (3.105)

In the limit τ → +0 we have τ ∼ (ts/B1)1/p (see
(3.93)) and hence (see (3.56))

ai(ts) ∼ B̄it
αi

s , exp(κϕ(ts)) ∼ B̄ϕt
αϕ
s (3.106)

as ts → +0 in the case A) (3.103) and as ts → +∞ in
the case B) (3.105). Here B̄i, B̄ϕ are constants and

αi = (σi + βi)/p(β), αϕ = βϕ/p(β), (3.107)

Figure 1: A graphic representation of the allowed cone

< u, u >∗< 0 and different domains in it in the plain ξi =

pi/ρ , i = 1, 2, for the case n = 2 and N1 = 3, N2 =

6. The hyperbola σ̄ = 1 corresponds to the exponential

inflation (3.86).

i = 1 . . . n . The parameters αi, αϕ satisfy the Kasner-
like relations

n∑
i=1

Niα
i = 1, (3.108)

n∑
i=1

Ni(αi)2 + α2
ϕ = 1. (3.109)

Eq.(3.108) is quite obvious, Eq.(3.109) follows from
(3.108), (2.12) and the relation

Gijα
iαj + α2

ϕ = 0, (3.110)

which is readily verified using (3.13), (3.41), (3.55) and
(3.107).

The Kasner-like asymptotical behaviour (3.106),
(3.108), (3.109) for the case (A) agrees with one of the
results of [56]: in the case A) the perfect fluid compo-
nents with < u, u >∗< 0 may be neglected near the
singularity ts → +0 and we are led to the Kasner-like
formulas [53] (see also [39]).

Note that for the case n = 2 the following relation
is valid:[

b2
u1

N1
− (1 + s)

u2

N2

][
b1

u2

N2
− (1 + s)

u1

N1

]
= (−s2)(1 + s) < u, u >∗ (3.111)

where bi = 1−1/Ni , i = 1, 2 and s =
√
1− b1b2 . This

implies the relations for the light-cone lines (<u, u>∗ =
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0):

l1 : b2(1− ξ1) = (1 + s)(1− ξ2), (3.112)

l2 : b1(1− ξ2) = (1 + s)(1− ξ1), (3.113)

(see Fig.1).

3.3. Isotropization-like behaviour

Here we rewrite the attractor behaviour (3.69) for the
non-exceptional solutions (3.51)-(3.55) with A > 0 (as
τ → +∞) in terms of the synchronous time variable ts .
For the function (3.89) we have the following asymp-
totical behaviour

f(τ) ∼ P [ 12 exp(τ/T )]
σ̄−1 = B̄ exp[(σ̄−1)τ/T ],(3.114)

when τ → +∞ (B̄ = const).
First consider the case σ̄ = 1 (see (3.84)). Then

f(τ) ∼ B̄ as τ → +∞ and hence (see (3.88))

ts = F (τ) ∼ B̄τ + C, (3.115)

as τ → +∞ . (Due to uiNi < 0 and Proposition 1,
ε = sign (p) = +1). The synchronous time ts mono-
tonically increases from 0 to +∞ as τ varies from 0
to +∞ (see (3.93)).

From (3.54), (3.69) and (3.115) for the case σ̄ = 1
we get

ai(ts) ∼ Āi exp[− ui√− < u, u >∗
ts
T0
], (3.116)

ϕ(ts) ∼ const, (3.117)

ρ(ts) ∼ ρ0 (3.118)

when ts → +∞ , where T0 = (2κ2ρ0)−1/2 .
Now consider the case σ̄ 	= 1 (see (3.75)). Then

F (τ) ∼ B̄T

(σ̄ − 1) exp[(σ̄ − 1)τ/T ] + C, (3.119)

where C is a constant.
Consider first the subcase σ̄ > 0 or, equivalently,

uiN
i < 0 (or

∑n
i=1 ui > 0, see (3.101)). We have ts =

F (τ), since p > 0 due to (3.103) and ε = sign (p) =
+1). In this case ts monotonically increases from 0
to T∗ > 0 for 0 < σ̄ < 1 and to +∞ for σ̄ > 1 as τ
varies from 0 to +∞ (see (3.93)). Using (3.54), (3.69)
we get

ai(ts) ∼ Ai(T∗ − ts)ν
i

, (3.120)

ϕ(ts) ∼ const, (3.121)

κ2ρ(ts) ∼ −2 < u, u >∗
< u(Λ) − u, u >2∗ (T∗ − ts)2

. (3.122)

as ts → T∗ − 0, for σ̄ < 1. For σ̄ > 1 we have an
asymptotic behaviour in the limit ts → +∞ described
by the relations

ai(ts) ∼ Ait
νi

s , (3.123)

ϕ(ts) ∼ const, (3.124)

κ2ρ(ts) ∼ −2 < u, u >∗
< u(Λ) − u, u >2∗ t2s

. (3.125)

as ts → +∞ , where νi is defined in (3.78).
Now consider the subcase σ̄ < 0 or, equivalently,

uiN
i > 0 (or

∑n
i=1 ui < 0, see (3.101)). Recall that

p < 0 due to (3.105) and ε = sign (p) = −1. Then
ts = −F (τ) (we put C = 0 in (3.119)) and ts mono-
tonically decreases from +∞ to 0 as τ varies from
0 to +∞ (see (3.93)). In this subcase we obtain the
asymptotic behaviour in the limit ts → +0 described
by (3.123)-(3.125).

3.4. Solutions with a pure imaginary scalar field

Here we consider solutions to the field equations with
a complex scalar field and a real metric. In this case
E , p1, . . . , pn−1 are real and hence (see (3.21), (3.22))
pn is either real or pure imaginary. The case of real
pn was considered above.

For pure imaginary pn we have three subcases: (a)
E > 0, (b) E = 0, and (c) E < 0. In the first case
(a) after the reparametrization (3.29)-(3.32) we get the
solutions (3.51)-(3.55) with an imaginary value of βϕ .
The cases (b) and (c) take place only for A > 0, i.e.,
positive energy density (see (3.24), (3.25)).

In the case E < 0 we have (see (3.36), (3.37)) imag-
inary βk :

βk = iβ̂k, k = 1, . . . , n, (3.126)

and real βϕ . The solution is obtained from (3.51)-
(3.55) by substituting (3.126) and τ/T �→ τ/T + iπ2 :

g = −
[ n∏
i=1

(ai(τ))2Ni−ui

]
dτ ⊗ dτ +

n∑
i=1

a2
i (τ)g

(i),

(3.127)

ai(τ) = Âi[cosh(τ/T )]σ
i

[f(τ/2T )]β̂
i

, (3.128)

ϕ(τ) = c+ 2iβϕ arctan exp(−τ/T ) (3.129)

where c, Âi 	= 0 are constants, i = 1, . . . , n , T is de-
fined in (3.32), σi are given in (3.41), A > 0 and the
real parameters β̂i, βϕ satisfy the relations

n∑
i=1

uiβ̂
i = 0,

−
n∑

i,j=1

Gij β̂iβ̂j + (βϕ)2 = − 4
< u, u >∗

=
1
q2

.(3.130)

Here, as in [48],

f(x) ≡ [tanh(x+
iπ

4
)]i = exp(−2 arctan e−2x)(3.131)

is a smooth monotonically increasing function bounded
by its asymptotics: e−π < f(x) < 1; f(x) → 1 as
x → +∞ and f(x) → e−π as x → −∞ . The solu-
tion (3.127)-(3.130) (with ρ from (3.54)) may be also
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obtained from formulas (3.20), (3.24). The relation be-
tween the harmonic time and the τ variable (3.33) for
E < 0 is modified:

cosh(τ/T ) = 1/ sin(q
√
2|E|(t− t0)). (3.132)

For the quasi-volume scale factor we have

v =
n∏
i=1

a
ui/2
i =

( n∏
i=1

Â
ui/2
i

)
cosh(τ/T ). (3.133)

The scalar field ϕ(t) varies from c + iπβϕ to c as τ
varies from −∞ to +∞ . The solution (3.127)-(3.130)
for τ ∈ (−∞,+∞) is nonsingular. Any scale factor
ai(τ) for some τ0i has a minimum and

ai(τ) ∼ A±
i exp(σ

i|τ |/T ), (3.134)

for τ → ±∞ .
The above ”Lorentzian” solutions have ”Euclidean”

analogues for A < 0 as well:

g =
( n∏
i=1

(ai(τ))2Ni−ui

)
dτ ⊗ dτ +

n∑
i=1

a2
i (τ)g

(i),

(3.135)

ai(τ) = Âi[cosh(τ/T )]σ
i

[f(τ/2T )]β̂
i

, (3.136)

ϕ(τ) = c+ 2iβϕ arctan exp(−τ/T ), (3.137)

with the parameters β̂i, βϕ satisfying the relations
(3.130). When all spaces (Mi, g

(i)) are Riemannian,
this solution may be interpreted as a classical Eu-
clidean wormhole (instanton) solution. Such solutions
play a crucial role in quantum gravity.

An interesting special case of the solution (3.135)-
(3.137) occurs for β̂i = 0, i = 1, . . . , n , (this corre-
sponds to pâ = 0):

ai(τ) = Âi[cosh(τ/T )]σ
i

, (3.138)

ϕ(τ) = c± 2iq−1 arctan exp(−τ/T ). (3.139)

All scale factors (3.138) have a minimum at τ = 0 and
are symmetric with respect to time reversion: τ �→ −τ .
It is necessary to stress that here, as in [48], wormhole
solutions exist only in the presence of an imaginary
scalar field.

3.5. Some examples

In this subsection we consider some applications of the
above formulas, valid for different equations of state in
different factor spaces.

3.5.1. The isotropic case

Consider the isotropic case:

ui = hNi ⇐⇒ u =
h

2
u(Λ), pi = (1− h)ρ,(3.140)

where h 	= 0 is constant. From (3.98)-(3.100) and
(3.140) it follows

ui =
h

2−D
, < u, u >∗= −h2D − 1

D − 2 < 0,(3.141)

and hence

σi = 2ui/ < u, u >∗=
2

h(D − 1) = σ(h) = σ. (3.142)

The solution (3.51)-(3.55) reads:

g = −(
n∏
i=1

(ai(τ))(2−h)Ni)dτ ⊗ dτ +
n∑
i=1

a2
i (τ)g

(i),

(3.143)

ai(τ) = Ai[sinh(rτ/T )/r]σ(h)[tanh(rτ/2T )/r]β
i

,

(3.144)

eκϕ(τ) = Aϕ[tanh(rτ/2T )/r]βϕ , (3.145)

κ2ρ(τ) = A
n∏
i=1

(ai(τ))(h−2)Ni

= A
( n∏
i=1

A
(h−2)Ni

i

)
[sinh(rτ/T )/r]2(h−2)/h, (3.146)

i = 1, . . . , n , where r =
√

A/|A| and

T = |h|−1

[ |A|(D − 1)
2(D − 2)

]−1/2

, (3.147)

Ai, Aϕ > 0 are constants and the parameters βi, βϕ
satisfy the relations

n∑
i=1

Niβ
i = 0,

n∑
i=1

Ni(βi)2 + (βϕ)2 =
4(D − 2)
h2(D − 1) . (3.148)

A special case of this solution with h = 2 (the Λ-term
case) was considered in [48].

Consider now the exceptional solutions for A > 0.
From (3.72) and (3.141) we have

σ̄ = σiNi = 2/h,

< u(Λ) − u, u >∗ = h(h− 2)D − 1
D − 2 . (3.149)

From (3.149) we get: < u(Λ)−u, u >∗= 0 ⇐⇒ h = 2
(h 	= 0). The matter in this case corresponds to a
cosmological constant: Λ = κ2ρ > 0. Eqs. (3.86),
(3.141) imply the solution of [46, 48] with metric (3.83)
and

ai(ts) = Āi exp
[
± ts

√
2Λ√

(D − 1)(D − 2)

]
(3.150)

(ϕ = const), i.e., we here obtain a case of exponential
inflation.
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For h 	= 2 ( ⇐⇒ <u(Λ)−u, u>∗ 	= 0)

νi =
2ui

<u(Λ)−u, u>∗
=

2
(2− h)(D − 1) = ν(h) = ν.

(3.151)

From (3.77), (3.82), (3.141), (3.149) and (3.151) we
obtain the relations for scale factors and the density:

ai(ts) = Ait
ν(h)
s , (3.152)

κ2ρ(ts) =
2(D − 2)

(h− 2)2(D − 1)t2s
, (3.153)

i.e., power law inflation. For h < 2 (or p > −ρ) we
have an isotropic expansion of all scale factors and for
h > 2 (or p < −ρ) an isotropic contraction (see Fig.1).

Kasner-like behaviour.

In the above case
∑n

i=1 ui = h(D − 1) and hence
(see (3.102)-(3.105)) a Kasner-like behaviour (3.106),
(3.108), (3.109) takes place as (A) ts → +0, for h > 0
(or p < ρ), and (B) ts → +∞ , for h < 0 (or p > ρ).

Isotropization-like behaviour

Using the results of Subsec.3.3 and (3.149), we are led
to the following attractor behaviour:

ai(ts) ∼ Ait
ν(h)
s , (3.154)

κ2ρ(ts) ∼ 2(D − 2)
(h− 2)2(D − 1)t2s

. (3.155)

in the limits ts → +∞ , for 0 < h < 2 (or −ρ < p < ρ)
and ts → +0, for h < 0 (or p > ρ).

Remark 2. For the dust matter case h = 1 (p = 0),
ρ > 0, the solution (3.143)-(3.148) has the sinchronous-
time representation

g = −dts ⊗ dts +
n∑
i=1

a2
i (ts)g

(i),

ai(ts) = Āit
1/(D−1)+βi/2
s (ts + T1)1/(D−1)−βi/2,

(3.156)

e2κϕ(ts) = Aϕ[ts/(ts + T1)]βϕ , (3.157)

κ2ρ(ts) = 2(D − 2)/[(D − 1)ts(ts + T1)], (3.158)

i = 1, . . . , n ; where 0 < ts < +∞ , T1 > 0, Āi, Aϕ > 0
are constants and the parameters βi, βϕ satisfy the
relations

n∑
i=1

Niβ
i = 0,

n∑
i=1

Ni(βi)2 + (βϕ)2 =
4(D − 2)
(D − 1) .

(3.159)

A special case of this solution with βϕ = 0 was con-
sidered previously in [30] (for n = 2 and N1 = . . . =
Nn = 1 see [17] and [18] respectively.)

3.5.2. A curvature-like fluid component

Consider the perfect fluid matter with

ui = 2h(−δ1
i +Ni) = hu

(1)
i (3.160)

where h 	= 0 is constant and N1 > 1. For h = 1 this
component corresponds to a nonzero curvature term in
the first space [31] (see below). A calculation gives

ui = − 2h
N1

δi1, < u, u >∗= −4h2b1 < 0, (3.161)

where b1 = 1− 1
N1

and

< u, u(Λ) >∗ = 2uiNi = −4h,
< u, u(Λ) − u >∗ = 4h(−1 + hb1),

σi =
δi1

h(N1 − 1) . (3.162)

Using (3.160) and (3.162) we get from (3.51)-(3.55):

g = −(a1(τ))2h
( n∏
i=1

(ai(τ))2Ni(1−h)
)
dτ ⊗ dτ

+
n∑
i=1

a2
i (τ)g

(i), (3.163)

a1(τ) = A1[sinh(rτ/T )/r]
1

h(N1−1) [tanh(rτ/2T )/r]β
1
,

(3.164)

ai(τ) = Ai[tanh(rτ/2T )/r]β
i

, i > 1, (3.165)

eκϕ(τ) = Aϕ[tanh(rτ/2T )/r]βϕ , (3.166)

κ2ρ(τ) = A(a1(τ))−2h
n∏
i=1

(ai(τ))2Ni(h−1), (3.167)

i = 1, . . . , n , where r =
√

A/|A| , T = |h|−1(2|A|b1)−
1
2 ,

Ai, Aϕ > 0 are constants and the parameters βi, βϕ
satisfy the relations

β1 =
1

1−N1

n∑
i=2

Niβ
i,

( n∑
i=2

Niβ
i
)2

+(N1−1)
[ n∑
i=2

Ni(βi)2 + (βϕ)2
]
=N1h

−2.

(3.168)

For h 	= h0 ≡ b−1
1 = N1/(N1−1) > 1 we have from

(3.162) < u, u(Λ) − u >∗ 	= 0 and (see (3.78))
νi = δi1ν(h), ν(h) = [N1 + h(1−N1)]−1. (3.169)

The power-law inflationary solution for this case is

g = −dts ⊗ dts +A2
1t

2ν(h)
s g(1) +

n∑
i=2

A2
i g

(i), (3.170)

ϕ = const, (3.171)

κ2ρ(ts) =
b1

2(−1 + hb1)2t2s
. (3.172)
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The internal space scale factors in this solution are con-
stant (the so-called ”spontaneous compactification”).
It is easily shown that the constancy of internal scale
factors leads to the equation of state (3.160).

Using the relation σ̄ = h0/h and the analysis car-
ried out in subsection 3.3 we obtain that the solution
(3.169)-(3.172) is an attractor for non-exceptional solu-
tions with ρ > 0 as ts → T∗−0, for h > h0 ; ts → +∞ ,
for 0 < h < h0 and ts → +0, for h < 0. Thus we have
also obtained solutions with the ”dynamical compact-
ification”.

The 1-curvature case.

Here we apply the relations obtained to a cosmological
model described by the action

S =
∫

dDx
√

|g|{R[g]− ∂Mϕ∂NϕgMN} (3.173)

with a scalar field ϕ = ϕ(t) and metric (2.1) defined on
the manifold (2.2), where (Mi, g

(i)), i = 2, . . . , n , are
Ricci-flat spaces and (M1, g

(1)) is an Einstein space of
nonzero curvature, i.e. Rmn[g(1)] = λ1g

(1)
mn, λ1 	= 0.

Here n ≥ 2 and Ni = dimMi . This ”1-curvature
model” is equivalent to a special case of the above
model (3.160) with h = 1 and A = − 1

2λ
1N1 (see [39]).

The solution (3.163)-(3.168) reads for this case:

g = (a1(τ))2[−dτ ⊗ dτ + g(1)] +
n∑
i=2

a2
i (τ)g

(i),

(3.174)

a1(τ) = A1[sinh(rτ/T )/r]
1

(N1−1) [tanh(rτ/2T )/r]β
1
,

(3.175)

ai(τ) = Ai[tanh(rτ/2T )/r]β
i

, i > 1, (3.176)

eκϕ(τ) = Aϕ[tanh(rτ/2T )/r]βϕ , (3.177)

κ2ρ(τ) = A(a1(τ))−2 (3.178)

i = 1, . . . , n , where r =
√−λ1/|λ1| , T = [|λ1|(N1 −

1)]−1/2 , Ai, Aϕ > 0 are constants and the parameters
βi, βϕ satisfy the relations

β1 =
1

1−N1

n∑
i=2

Niβ
i,

1
N1−1

( n∑
i=2

Niβ
i
)2

+
n∑
i=2

Ni(βi)2+(βϕ)2 =
N1

N1−1 .

(3.179)

The power-law inflationary solution for the nega-
tive curvature case λ1 < 0 reads:

g = −dts ⊗ dts +A2
1t

2
sg

(1) +
n∑
i=2

A2
i g

(i), (3.180)

ϕ = const, (3.181)

where A2
1 = |λ1|/(N1−1) (see (3.81), (3.172)). We are

led here to the Milne-type solution recently considered
in [51].

There is another parametrization of the solution
(3.174)- (3.179) in terms of an R variable related to
τ -variable as

F = F (R) = 1−
(R0

R

)N1−1

= tanh2 τ

2T
, λ1 < 0,

(3.182)

=
(R0

R

)N1−1

− 1 = tan2 τ

2T
, λ1 > 0. (3.183)

Here R > R0 for λ1 < 0 and R < R0 for λ1 > 0;
R0 = A121/(N1−1)

√
(N1 − 1)/|λ1| . In new variables

the metric and the scalar field may be written as

g = −F b−1dR⊗ dR+ F bR2A2
1g

(1) +
n∑
i=2

F βi

A2
i g

(i),

(3.184)

e2κϕ = A2
ϕF

βϕ , (3.185)

A2
1 = |λ1|/(N1 − 1), Ai, Aϕ > 0 are constants and

b = (1−
n∑
i=2

Niβ
i)/(N1−1) = (N1−1)−1+β1,(3.186)

and the parameters βi(i > 1), βϕ satisfy the relations
(3.179). A special case of the solution (3.179), (3.184)-
(3.186) with βϕ = 0 (a constant scalar field) was ob-
tained earlier in [39].
Remark 3. As a special case of the above solution,
we get a scalar-vacuum analog of the spherically-
symmetric Tangherlini solution [81] with n Ricci-flat
internal spaces:

g = −fadt⊗ dt+ f b−1dR⊗ dR

+ f bR2dΩ2
d +

n∑
i=1

faiBig
(i), (3.187)

e2κϕ = Bϕf
aϕ , (3.188)

where dΩ2
d is the canonical metric on a d -dimensional

sphere Sd (d ≥ 2), f = f(R) = 1−BR1−d ; Bϕ, Bi >
0, B are constants and the parameters a, a1, . . . , an
satisfy the relations

b = (1− a−
n∑
i=1

aiNi)/(d− 1), (3.189)

(a+
n∑
i=1

aiNi)2 + (d− 1)(a2 + a2
ϕ +

n∑
i=1

a2
iNi) = d.

(3.190)

For aϕ = 0 see also [61, 65]. In the parametrization of
the harmonic-type variable this solution was presented
earlier in [63, 65].

Thus, using the above transformations, we can ob-
tain spherically symmetric solutions from cosmological
ones.
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4. Wheeler-DeWitt equation

Now, having studied the classical multidimensional so-
lutions, we start an investigation of their quantum
analogs. As usual, quantization of the zero-energy con-
straint (3.17) leads to the Wheeler-DeWitt (WDW)
equation in the harmonic time gauge (3.3) [31, 47, 48]

2ĤΨ ≡
[

∂

∂z0

∂

∂z0
−

n∑
i=1

∂

∂zi
∂

∂zi
+ 2Ae2qz

0

]
Ψ = 0.

(4.1)

We are seeking a solution to (4.1) in the form

Ψ(z) = exp(i:p:z)Φ(z0), (4.2)

where :p = (p1, . . . , pn) is a constant vector (gener-
ally from Cn ), :z = (z1, . . . , zn−1, zn = κϕ), :p:z ≡∑n

i=1 piz
i . Substitution of (4.2) into (4.1) gives[

−1
2
(

∂

∂z0
)2 + V0(z0)

]
Φ = EΦ, (4.3)

where E = 1
2:p:p and V0(z0) = −Ae2qz

0
. Solving (4.3),

we get

Φ(z0) = Bi
√

2E/q(
√−2Aq−1eqz

0
) (4.4)

where i
√
2E/q = i|:p|/q, and B = I,K are modified

Bessel functions. Note that

v = exp(qz0) =
n∏
i=1

a
ui/2
i (4.5)

is the ”quasivolume” (3.47) (see (3.12)).
The general solution of Eq.(4.1) has the following

form:

Ψ(z) =
∑

B=I,K

∫
dn:p CB(:p)ei'p'zBi|'p|/q(

√−2A
q

eqz
0
)

(4.6)

where the functions CB (B = I,K ) belong to an ap-
propriate class. For the Λ-term case this solution was
considered in [46, 48] and for the two-component model
(n = 2) and Λ > 0 in [95].

In the ground state we put all momenta pa(a =
1, . . . , n) equal to zero, and the ground state wave func-
tion reads:

Ψ0 = B0

(√−2Aq−1eqz
0
)
. (4.7)

It is to be stressed that the function Ψ0 is invariant
with respect to the rotation group O(n).
Remark 4. Applying the arguments of [40, 48], one can
show that the ground state wave function

Ψ(HH)
0 = I0

(√
2|A|
q

exp(qz0)

)
, A < 0, (4.8)

= J0

(√
2A
q

exp(qz0)

)
, A > 0, (4.9)

satisfies the Hartle-Hawking boundary condition [97].
Special cases of this formula were considered in Refs.
[40] (the 1-curvature case) and [48] (the Λ-term case).

From (4.3) it follows that in the case A < 0 (nega-
tive energy density) a Lorentzian domain exists as well
as a Euclidean one for E > 0. In the case A > 0 only
the Lorentzian domain occurs for E ≥ 0 but for E < 0
both domains exist. The wave functions (4.2), (4.4)
with A > 0 and E < 0 describe transitions between
the Euclidean and Lorentzian domains, i.e. tunneling
universes.

4.1. Quantum wormholes

We consider only real values of pi . In this case we have
E ≥ 0.

If A > 0, the wave function Ψ (4.2) is not expo-
nentially damped when v → ∞ , i.e. the condition (i)
for quantum wormholes (see the Introduction) is not
satisfied. The wave function oscillates and may be in-
terpreted as corresponding to the classical Lorentzian
solution.

For A < 0, the wave function (4.2) is exponentially
damped for large v only, when B = K in (4.4). (Recall
that

Iν(z) ∼ ez√
2πz

, Kν(z) ∼
√

π

2z
e−z,

for z → ∞). However, in this case the function Φ
oscillates infinitely many times when v → 0. Thus
the condition (ii) is not satisfied. The wave function
describes a transition between the Lorentzian and Eu-
clidean domains.

The functions

Ψ'p(z) = ei'p'zKi|'p|/q(
√−2Aq−1eqz

0
), (4.10)

may be used for constructing quantum wormhole solu-
tions. As in [84, 85, 46, 48], we consider superpositions
of the singular solutions

Ψ̂λ,'n(z) =
1
π

∫ +∞

−∞
dkΨqk'n(z)e−ikλ, (4.11)

where λ ∈ R and :n ∈ Sn−1 is a unit vector (:n2 = 1).
A calculation gives

Ψ̂λ,'n(z) = exp
[
−
√−2A

q
eqz

0
cosh(λ− q:z:n)

]
. (4.12)

It is easy to verify that Eq.(4.12) leads to solutions
of the WDW equation (4.1) satisfying the quantum
wormholes boundary conditions.

Note that the functions

Ψm,'n = Hm(x0)Hm(x1) exp[− (x
0)2 + (x1)2

2
], (4.13)
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where

x0 = (2/q)1/2(−2A)1/4 exp(qz0/2) cosh( 12q:z:n),(4.14)

x1 = (2/q)1/2(−2A)1/4 exp(qz0/2) sinh(12q:z:n),(4.15)

m = 0, 1, . . . , are also solutions to the WDW equa-
tion with the quantum wormhole boundary conditions.
Solutions of such type were previously considered in
[83, 41, 42, 46, 48]. They are called discrete spectrum
quantum wormholes (see [85]) (and may form a basis
in the Hilbert space of the system [86]).

Thus in the case considered quantum wormhole so-
lutions (with respect to quasi-volume (4.5)) exist for
matter with a negative density (3.2) (A < 0).

5. A third-quantized model

Another step in studying topological changes in quan-
tum cosmology can be made in the so-called third
quantization approach, where it is meant that the
WDW equation is considered within a second-quantized
scheme.

Here we put A > 0, i.e. the matter density is
positive. Consider the case of a real Ψ-field as in [54]
for simplicity. The WDW equation (4.1) corresponds
to the action

S =
1
2

∫
dn+1zΨĤΨ. (5.1)

Consider two bases of solutions to the WDW equation,
{Ψin(:p),Ψ∗

in(:p)} and {Ψout(:p),Ψ∗
out(:p)}

Ψin(:p) = Ψin(:p, z)

=
[

π

2q sinh(π|:p|/q)
]1/2

J−i|'p|/q

(√
2A
q

eqz
0

)
ei'p'z

(2π)n/2
;

(5.2)

Ψout(:p) = Ψout(:p, z)

= 1
2

(
π

q

)1/2

H
(2)
i|'p|/q

(√
2A
q

eqz
0

)
ei'p'z

(2π)n/2
. (5.3)

where Jν and H
(2)
ν are the Bessel and Hankel functions

respectively. These solutions are normalized by the
following conditions

(Ψin(:p),Ψin(:p′)) = (Ψout(:p),Ψout(:p′)) = δ
(
:p−:p ′)
(5.4)

where

(Ψ1,Ψ2) = i

∫
dn:z

(
Ψ∗

1

↔
∂0 Ψ2

)
(5.5)

is the charge form (indefinite scalar product). Here
Ψ1

↔
∂ Ψ2 = Ψ1 ∂Ψ2−(∂Ψ1)Ψ2 . Due to the asymptotic

behaviour

Ψin(:p, z) ∼ cin(|:p|) exp(i:p:z − i|:p|z0), v → 0,

(5.6)

Ψout(:p, z) ∼ cout(|:p|)√
v

exp(i:p:z − i

√
2A
q

v), v → +∞.

(5.7)

where Ψin(:p, z) and Ψout(:p, z) are negative-frequency
modes of ”Kasner”- and ”Milne”- types respectively.

The standard quantization procedure [88, 89] gives
us

Ψ(z) =
∫

dn:p
[
a+
in(:p)Ψ

∗
in(:p, z) + ain(:p)Ψin(:p, z)

]
=

∫
dn:p

[
a+
out(:p)Ψ

∗
out(:p, z) + aout(:p)Ψout(:p, z)

]
,

(5.8)

where the non-trivial commutators are

[ain(:p), a+
in(:p′)] = [aout(:p), a+

out(:p′)] = δ
(
:p− :p ′) .(5.9)

The ”in” and ”out” vacuum states satisfy the relations

ain(:p)|0, in >= aout(:p)|0, out >= 0. (5.10)

The modes (5.2) and (5.3) are related by the Bogoli-
ubov transformation

Ψin(:p) = α(:p)Ψout(:p) + β(:p)Ψ∗
out(:p), (5.11)

α(:p) =
[
exp(π|:p|/q)
2 sinh(π|:p|/q)

]1/2

,

β(:p) =
[
exp(−π|:p|/q)
2 sinh(π|:p|/q)

]1/2

. (5.12)

The vacua |0, in > and |0, out > are unitarily in-
equivalent. A standard calculation [88, 89] gives for the
number density of “out-Universes” (of “Milne type”)
contained in the “in-vacuum” (“Kasner-type” vacuum)

n(:p) = |β(:p)|2 = (exp(2π|:p|/q)− 1)−1
. (5.13)

Thus we obtain a Planck distribution of created uni-
verses with the temperature

TPl = q/2π =
√− < u, u >∗/4π. (5.14)

The temperature (5.14) depends on the vector u = (ui)
(i.e., on the equation of state of the matter content of
the Universe): TPl = TPl(u). For example, we get
TPl(u(Λ)) = 2TPl(u(dust)). In the Zeldovich matter
limit u → 0 we have TPl → +0.

Remark 5. In [98] a regularization of propagators (in
quantum field theory) was introduced using the com-
plex signature matrix

(ηab(w)) = diag (w, 1, . . . , 1), (5.15)
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where w ∈ C \ (−∞, 0] is a complex parameter (Wick
parameter). Path integrals are originally defined (in
covariant manner) for w > 0 (i.e. in Euclidean-like
region) and then analytically continued to negative w .
The Minkowsky space limit corresponds to w = −1+i0
(in notations of [98] w−1 = −a). The prescription
[98] is a natural realization of Wick’s rotation. In [99]
analogs of the Bogoliubov-Parasiuk theorems [87] for
a wide class of propagators regularized by the com-
plex metric (5.15) were proved. This formalism may
be applied for third-quantized models of the multidi-
mensional cosmology. In this case the corresponding
path integrals should be analytically continued from
the interval 1 < D < 2 (D is the dimension), where
the minisuperspace metric (2.12) is Euclidean, to D =
D0 − i0, D0 = 1 +

∑n
i=1 Ni . We note also that re-

cently J.Greensite proposed the idea of treating the
space-time signature as a dynamical degree of freedom
[100] (see also [101, 102]).

6. Appendix

Proof of Proposition 2. We introduce the new ”diago-
nalized” variables

βa = eai β
i, ua = eiaui, va = eiavi (6.1)

where matrices (eia), (e
a
i ) satisfy the relations (3.11)-

(3.12) and (3.14). From (3.12)-(3.14) we have

(ua) = (2q,:0) (σa) = (σieai ) = (q
−1,:0) (6.2)

and consequently (see (3.96))

0 = βiui = βaua = 2qβ0 ⇒ (βa) = (0, :β). (6.3)

From the second relation in (3.96) we get

Gijβ
iβj = ηabβ

aβb = :β2 ≤ 1/q2. (6.4)

For the vector (va) = (v0, :v) we have −v2
0 + :v2 =

<v, v>∗ < 0 and hence

|v0| > |:v|, v0 	= 0. (6.5)

We also obtain from (6.2) and (6.5)

< u, v >∗= −u0v0 = −2qv0 	= 0. (6.6)

Using relations (6.2), (6.3) and (6.5) we get

(σi + βi)vi = (σa + βa)va

= q−1v0 + :β:v = q−1v0(1 +
q

v0

:β:v). (6.7)

Eqs. (6.4), (6.5) imply the inequality

| q
v0

:β:v| ≤ |:v|
v0

q|:β| ≤ |:v|
v0

< 1. (6.8)

From (6.6)-(6.8) (and q > 0) we obtain the proposed
identity (3.97). The proposition is proved.
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