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It is proved that the Riemann tensor squared is divergent as τ → 0 for a wide class of cosmological metrics with
non-exceptional Kasner-like behaviour of scale factors as τ → 0, where τ is the synchronous time. Using this result,
it is shown that any nontrivial generalization of the spherically-symmetric Tangherlini solution to the case of n
Ricci-flat internal spaces has a divergent Riemann tensor squared as R → R0 , where R0 is a length parameter of
the solution.

1. Introduction

In the recent decade there has been a great interest
in multidimensional models of classical and quantum
gravity (see, for example, [1]-[3] and references there-
in). This interest was stimulated mainly by studies in
supergravity and superstring theories [4], i.e., the ideas
of unification of interactions gave a “new life” to the
ideas of Kaluza and Klein.

As shown in papers [5]-[8], devoted to multidimen-
sional cosmological models with perfect fluid, a large
variety of exact solutions have a Kasner-like asymp-
totical behaviour for small values of the synchronous
time parameter, τ → 0. Here we do not consider
exceptional solutions such as exponential and power-
law inflationary ones [8]. Solutions with oscillatory (or
stochastic behaviour) as τ → 0 are also omitted in the
presented scheme.

In this paper we use the Riemann tensor squared
as an indicator of a singular behaviour of cosmological
solutions as τ → 0. In Sec. 2 we present an explicit
formula for the quadratic invariant (Riemann tensor
squared) of the metric defined on the product of spaces
with the scale factors depending on the points of the
first space. In Sec. 3 the quadratic invariant is pre-
sented for a wide class of cosmological metrics describ-
ing the evolution of n spaces of arbitrary dimensions.
It is proved (see Proposition 2) that when all spaces are
one-dimensional, the Riemann tensor squared is pos-
itive and divergent as t = τ → 0 for all non-trivial
(non-Milne-like) configurations. In Subsection 3.2 this
result is generalized to the case of Ricci-flat spaces.
In Subsec. 3.3 the main theorem concerning the diver-
gence of the Riemann tensor squared for a wide class of
cosmological metrics with non-exceptional Kasner-like
behaviour of scale factors as τ → 0 is proved. In Sec.
4 we apply the obtained result to the generalization of
the spherically-symmetric Tangherlini solution [10] to
the case of n Ricci-flat internal spaces [13]. In Subsec.
4.1 the multitemporal generalization of the Tangherlini
solution is considered [14]. This solution is shown to

1e-mail: ivas@cvsi.rc.ac.ru ; mel@cvsi.rc.ac.ru

describe the (multitemporal) naked singularity when
the parameters are non-exceptional.

2. General formalism

Let (M, g) be a manifold M with the metric g . The
squared Riemann tensor

I[g] ≡ RMNPQ[g]RMNPQ[g] (2.1)

is a smooth real-valued function on M . For a smooth
function φ :M −→ R we also define two smooth func-
tions on M

U [g, φ] ≡ gMN (∂Mφ)∂Nφ, (2.2)

V [g, φ] ≡ gM1N1gM2N2 [�M1(∂M2φ) + (∂M1φ)∂M2φ]
× [�N1(∂N2φ) + (∂N1φ)∂N2φ], (2.3)

where � = �[g] is a covariant derivative with respect
to g . The scalar invariants (2.1)-(2.3) play an impor-
tant role in what follows. Now, we consider the mani-
fold

M =M0 ×M1 × . . .×Mn (2.4)

with the metric

g = g(0) +
n∑

i=1

exp[2φi(x)]g(i) (2.5)

where g(0) = g
(0)
µν (x)dxµ ⊗ dxν is the metric on M0 ,

g(i) is the metric on Mi and φi : M0 −→ R is a
smooth function, i = 1, . . . , n .

Proposition 1. The Riemann tensor squared for the
metric (2.5) has the following form

I[g] = I[g(0)]

+
n∑

i=1

{e−4φi

I[gi]− 4e−2φi

U [g(0), φi]R[g(i)]

− 2NiU
2[g(0), φi] + 4NiV [g(0), φi]}

+
n∑

i,j=1

2NiNj [g(0),µν(∂µφ
i)∂νφ

j ]2, (2.6)



On Singular Solutions in Multidimensional Gravity 205

where the U - and V -invariants are defined in (2.2)
and (2.3), R[g(i)] is the scalar curvature of g(i) and
Ni = dimMi , i = 1, . . . , n .

Sketch of proof. For n = 1 the relation (2.6) may be
verified by a straightforward calculation. For n > 1
the same relation may be proved by induction (in n)
using the following decomposition formulas:

U [g(0) + e2φ1(x)g(1), φ(x)] = U [g(0), φ(x)], (2.7)

V [g(0) + e2φ1(x)g(1), φ(x)] = V [g(0), φ(x)]

+N1[g(0),µν(∂µφ
1)∂νφ]2 (2.8)

(x ∈ M0 ). •
For the scalar curvature of the metric (2.5) we get

R[g] = R[g(0)] +
n∑

i=1

e−2φi

R[g(i)]

−
n∑

i,j=1

(Niδij +NiNj)g(0),µν(∂µφ
i)∂νφ

j

− 2
n∑

i=1

Ni�[g(0)]φi (2.9)

where �[g(0)] is the Laplace-Beltrami operator corre-
sponding to g(0) (see also [15]).
Remark 1. In (2.6) and in what follows we use the fol-
lowing condensed notations: I[g] = I[g](x), I[g(ν)] =
I[g(ν)](xν), for x ∈ M , xν ∈ Mν , ν = 0, . . . , n and
analogously for scalar curvatures.

3. Multidimensional cosmology

Here we are interested in the special case of (2.4), (2.5)
with M0 = (t1, t2), t1 < t2 . We thus consider the
metric

gc = −B(t)dt⊗ dt+
n∑

i=1

Ai(t)g(i), (3.1)

defined on the manifold

M = (t1, t2)×M1 × . . .×Mn. (3.2)

Here, just as in (2.4) and (2.5), g(i) is a metric on Mi

and B(t), Ai(t) �= 0, i = 1, . . . , n .
From Proposition 1 we obtain the Riemann tensor

squared for the metric (3.1) (see also [14])

I[gc] =
n∑

i=1

{
A−2

i I[g(i)] +A−3
i B−1Ȧ2

iR[g
(i)]

− 1
8
NiB

−2A−4
i Ȧ4

i

+
1
4
NiB

−2(2A−1
i Äi −B−1ḂA−1

i Ȧi −A−2
i Ȧ2

i )
2
}

+
1
8
B−2[

n∑
i=1

Ni(A−1
i Ȧi)2]2. (3.3)

(Recall that dimMi = Ni , i = 1, . . . , n .)

For the scalar curvature of (3.1) we get from (2.9)

R[gc] =
n∑

i=1

{
e−2xi

R[g(i)]

+ e−2γNi

[
2ẍi + ẋi

( n∑
j=1

Nj ẋ
j − 2γ̇

)
+ (ẋi)2

]}
(3.4)

where B = e2γ and Ai = e2xi

, i = 1, . . . , n .

3.1. (n+ 1)-dimensional Kasner solution

Let us consider the metric on R+ × Rn

g = −dt⊗ dt+
n∑

i=1

t2αidxi ⊗ dxi, (3.5)

where t > 0, −∞ < xi < ∞ and αi are constants,
i = 1, . . . , n . From (3.3) we get

I[g] = 2F (α)t−4, (3.6)

where

F (α) =
n∑

i=1

[2α2
i (αi − 1)2 − α4

i ] +
[ n∑

i=1

α2
i

]2

. (3.7)

Now we impose the following restrictions upon the pa-
rameters αi :

n∑
i=1

αi =
n∑

i=1

α2
i = 1. (3.8)

The metric (3.5) with the restrictions (3.8) imposed
satisfies the vacuum Einstein equations (or, equiva-
lently, RMN [g] = 0). It is a trivial generalization of
the well-known Kasner solution. In this case

F (α) = Φ(α) = Φn(α) ≡
n∑

i=1

[α4
i − 4α3

i ] + 3. (3.9)

We define the Milne set as

M =Mn = {(1, 0, . . . , 0), . . . , (0, . . . , 0, 1)} ⊂ E(3.10)
where

E = En

≡
{
α=(α1, . . . αn) ∈ Rn

∣∣∣
n∑

i=1

αi =
n∑

i=1

α2
i = 1

}
.(3.11)

Notice that E is an (n − 2)-dimensional ellipsoid for
n > 2 (E � Sn−2 ).

For n = 1, M = E = {(1)} and we are led to the
well-known Milne solution

gM = −dt⊗ dt+ t2dx1 ⊗ dx1. (3.12)

We recall that the coordinate transformation y0 =
t coshx1 , y1 = t sinhx1 reduces (3.12) to the Minkows-
ki metric η = −dy0⊗dy0+dy1⊗dy1 in the upper light
cone y0 > |y1| .

For α = (. . . , 0, 1i, 0, . . .) ∈ M we get a trivial
extension of the Milne metric:

gm = −dt⊗ dt+ t2dxi ⊗ dxi +
n∑

j �=i

dxj ⊗ dxj , (3.13)

i = 1, . . . , n ; n > 1.
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Proposition 2. Let α = (α1, . . . αn) ∈ E . Then Φ(α) ≥
0 and Φ(α) = 0 if and only if α ∈ M .

Proof. For n = 1, 2 the proposition is trivial. So we
consider the case n > 2. Let

Φ| = Φ|E : E −→ R (3.14)

be a restriction on the function Φ (3.9) on E (3.11).
Since E is a smooth submanifold in Rn (see (3.8)),
the function Φ| is also smooth (Φ| = Φ ◦ i , where
i : E −→ Rn is a canonical embedding). The manifold
E is compact (it is isomorphic to Sn−2 ). Let Min =
Min(Φ|) be the set of points of (absolute) minimum of
Φ| and Ext = Ext(Φ|) is the set of extremum points of
Φ| . The set Min is non-empty: Min �= ∅ , since Φ| is a
continuous real-valued function defined on the compact
topological space E . It is clear that Min ⊂ Ext.

First we find Ext using the standard conditional
extremum scheme. Consider the function

Φ̂(α, λ, µ) = Φ(α) + µ
( n∑

i=1

α2
i − 1

)
+ λ

( n∑
i=1

αi − 1
)

(3.15)

where µ, λ ∈ R . The point α belongs to Ext if and
only if there are λ, µ ∈ R such that (α, µ, λ) is an ex-
tremum point of the function (3.15), i.e. the relations
(3.8) and

∂Φ̂
∂αi

= 4α3
i − 12α2

i + 2µαi + λ = 0, (3.16)

i = 1, . . . , n , are satisfied. From (3.8) and (3.16) we
obtain

4
n∑

i=1

α3
i − 12 + 2µ+ λn = 0, (3.17)

4
n∑

i=1

α4
i − 12

n∑
i=1

α3
i + 2µ+ λ = 0, (3.18)

and hence

4Φ(α) = λ(n− 1). (3.19)

Let us consider the cubic equation

4y3−12y2+2µy+λ = 4(y−y1)(y−y2)(y−y3) = 0.(3.20)

We prove that for given µ and λ the cubic equation
(3.20) has three different real roots. Indeed, there must
be at least two different real roots since otherwise α1 =
. . . = αn , but this is impossible due to the Kasner
constraints (3.8). The third root should be also real
and we are led to the following three possibilities for
the roots: (i) y1 = y2 < y3 ; (ii) y1 < y2 = y3 ; (iii)
y1 < y2 < y3 . It follows from (3.20) that

y1 + y2 + y3 = 3 (3.21)

and hence y3 > 1. But due to (3.8) αi ≤ 1 and as a
consequence the possibilities (i) and (ii) cannot occur
(otherwise αi = y1 for all i). Thus y1 < y2 < y3 and
by (3.16) and y3 > 1 we obtain

{x|x = αi, i = 1, . . . , n} = {y1, y2}. (3.22)

Solving (3.8) for α satisfying (3.22), we get

y1 = y1(m1,m2) =
m1 −

√
∆

m1n
, (3.23)

y2 = y2(m1,m2) =
m2 +

√
∆

m2n
, (3.24)

∆ = m1m2(n− 1). (3.25)

Here ma is the number of αi equal to ya , a = 1, 2.
Evidently m1 +m2 = n and m1,m2 ≥ 1. It follows
from (3.19) and (3.20) that

λ = 4Φ(α)/(n− 1) = −4y1y2y3, (3.26)
µ = 2(y1y2 + y2y3 + y3y1). (3.27)

We actually find an expression for the set of extrema

Ext = E1 � . . . � En, (3.28)

where

Ek = {(α1 = y2, . . . , αk = y2,

αk+1 = y1, . . . , αn = y1) and all permutations},(3.29)

k = 1, . . . , n − 1 and y1 = y1(n − k, k), y2 = y2(n −
k, k) (see (3.23), (3.24)). It is clear that the number
of elements in Ext is 2n − 2.

For α ∈ Ek , k > 1, we have

Φ(α) > 0. (3.30)

This can be readily verified using the inequalities
y1(n − k, k) < 0, 0 < y2(n − k, k) < y3(n − k, k),
k > 1, and the relation (3.26). For α ∈ E1

Φ(α) = 0. (3.31)

Using the inclusion Min ⊂ Ext and the relations
(3.28), (3.30) and (3.31), we obtain

Min = Min(Φ|) = E1 =M. (3.32)

Proposition 2 follows from the relations (3.31) and
(3.32). •
Remark 2. It will be proved in a separate publication
that Φ| (see (3.14)) is a Morse function.

From (3.6), (3.9) and Proposition 2 we get for the
Kasner metric (3.5) with α ∈ E \M

I[g](t, $x(t))→ +∞, as t → +0. (3.33)

for an arbitrary curve $x(t).

3.2. Kasner-like solutions with Ricci-flat spaces

Here we consider the following metric [9]:

g = −dt⊗ dt+
n∑

i=1

t2αicig
(i), (3.34)

defined on the manifold (3.2) with (t1, t2) = (0,+∞) =
R+ , where (g(i),Mi) are Ricci-flat internal spaces,
i.e. Rmini

[g(i)] = 0, and ci �= 0 are constants, i =
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1, . . . , n , n ≥ 2. The parameters αi satisfy the rela-
tions

n∑
i=1

Niαi =
n∑

i=1

Niα
2
i = 1. (3.35)

The metric (3.34) under the restrictions (3.35) satisfies
the vacuum Einstein equations.

For the metric (3.34), (3.35) we get from (3.3)

I[g] =
n∑

i=1

t−4αic−2
i I[g(i)] + 2Φ∗(α)t−4, (3.36)

where

Φ∗(α) ≡
n∑

i=1

Ni[α4
i − 4α3

i ] + 3. (3.37)

Similarly to (3.10), we introduce the Milne set

M∗ = {α|α = (. . . , 0, 1i, 0, . . .), Ni = 1} ⊂ E∗, (3.38)

where

E∗ ≡
{
α = (α1, . . . αn)

∈ Rn
∣∣∣

n∑
i=1

Niαi =
n∑

i=1

Niα
2
i = 1

}
. (3.39)

For n > 2 E∗ is an (n− 2)-dimensional ellipsoid.

Example 1. The set (3.38) is empty: M∗ = ∅ , if and
only if Ni > 1 for all i .

Example 2. For N1 = . . . = Nn = 1 we have M∗ =M
(see (3.10)).

Proposition 3. Let α = (α1, . . . αn) ∈ E∗ . Then
Φ∗(α) ≥ 0 and Φ∗(α) = 0 if and only if α ∈ M∗ .

Proof. Consider the function Φ = ΦN (3.9) corre-
sponding to N =

∑n
i=1 Ni . For α ∈ E∗ we have

Φ∗(α) = ΦN (β(α)), (3.40)

where the set β(α) = β = (β1, . . . , βN ) is defined by
the relations

β1 = . . . = βN1 = α1,

. . .

βN−Nn+1 = . . . = βN = αn. (3.41)

It is evident that β ∈ EN (see (3.11)). Proposition
3 follows from Proposition 2, relation (3.40) and the
equivalence

β(α) ∈ M ⇐⇒ α ∈ M∗. (3.42)

Here M =MN is the Milne set corresponding to N .
•

Proposition 4. Let g be the metric (3.34) with the set
α = (α1, . . . αn) ∈ E∗ \M∗ and

I[g(i)] ≥ 0 (3.43)

for all i = 1, . . . , n . Then

I[g](t, f(t))→ +∞, as t → +0, (3.44)

for any function

f : R+ −→ M1 × . . .×Mn. (3.45)

When the condition (3.43) is not imposed, the relation
(3.44) takes place if f(t) → f0 ∈ M1 × . . . × Mn as
t → +0.

Proof. The first part of the proposition follows from
(3.36), (3.43) and the inequality Φ∗(α) > 0 for α /∈
M∗ (see Proposition 3). Its second part follows from
the continuity of the functions I[g(i)] on Mi , the in-
equalities αi < 1, i = 1, . . . , n , and the relation (3.36).
Indeed, the functions I[g(i)](f i(t)), i = 1, . . . , n , have
limits as t → +0 and hence are bounded. Here f(t) =
(f1(t), . . . , fn(t)). Thus the second term on the right
hand side of (3.36) is dominating in the limit t → +0
and we are led to (3.44). •

3.3. Asymptotically Kasner solutions

Here we consider the metric

g = −wdτ ⊗ dτ +
n∑

i=1

Ai(τ)g(i), (3.46)

defined on the manifold

(0, T )×M1 × . . .×Mn, (3.47)

where T > 0 and w = ±1. We assume that the metric
g(i) on the manifold Mi satisfies the following condi-
tions: the functions I[g(i)] and wR[g(i)] , are bounded
from below, i.e.,

I[g(i)](xi) ≥ Ci (3.48)

for all xi ∈ Mi , and

wR[g(i)](xi) ≥ Di (3.49)

for all xi ∈ Mi , i = 1, . . . , n .

Remark 3. Clearly the conditions (3.48) and (3.49)
are satisfied for a compact manifold Mi . The first
condition is also satisfied when the metric g(i) has the
Euclidean signature: in this case Ci = 0.

We also assume that the scale factors Ai : (0, T ) −→
R are smooth functions (Ai(τ) �= 0), satisfying the
following asymptotic relations:

Ai(τ) = ciτ
2αi [1 + o(1)], (3.50)

Ȧi(τ) = ciτ
2αi−1[2αi + o(1)], (3.51)

Äi(τ) = ciτ
2αi−2[2αi(2αi − 1) + o(1)], (3.52)

as τ → +0, where ci �= 0 and αi are constants and
i = 1, . . . , n . Recall that the notation ϕ(τ) = o(1) as
τ → +0 means that ϕ(τ)→ 0 as τ → +0.
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Remark 4. The relations (3.51) and (3.52) should not
obviously follow from (3.50). A simple counterexample
is

Ai(τ) = 1 + τ sin
1
τ2

. (3.53)

But if

Ai(τ) = ciτ
2αi [1 + ϕi(τ)], (3.54)

where ci �= 0 and
ϕi(τ) = o(1), τ ϕ̇i(τ) = o(1), τ2ϕ̈i(τ) = o(1)(3.55)

as τ → +0, i = 1, . . . , n , then the relations (3.50)-
(3.52) are satisfied.

Theorem. Let g be the metric (3.46) defined on the
manifold (3.47), where the metrics g(i) , i = 1, . . . , n ,
satisfy the relations (3.48) and (3.49). Let the scale
factors Ai(τ), i = 1, . . . , n , satisfy the relations (3.50)-
(3.52), where the set of parameters α = (αi) satisfies
the Kasner-like relations (3.35) (Ni = dimMi ) and
is non-exceptional, i.e. α /∈ M∗ (M∗ is defined in
(3.38)). Then

I[g](τ, x)→ +∞ as τ → +0 (3.56)

uniformly on x ∈ M1 × . . .×Mn .

Proof. From (3.3) we get

I[g] = I1[g] + I2[g] + I3[g], (3.57)

where

I1[g] =
n∑

i=1

A−2
i I[g(i)], (3.58)

I2[g] =
n∑

i=1

A−3
i Ȧ2

iwR[g
(i)], (3.59)

I3[g] =
n∑

i=1

{−1
8
NiA

−4
i Ȧ4

i+
1
4
Ni(2A−1

i Äi−A−2
i Ȧ2

i )
2}

+
1
8
[

n∑
i=1

Ni(A−1
i Ȧi)2]2. (3.60)

From (3.50)-(3.52) and (3.60) we obtain

I3[g] = [2Φ∗(α) + o(1)]τ−4, (3.61)

as τ → +0, where Φ∗(α) is defined in (3.37). Note
that due to α /∈ M∗ and Proposition 3

Φ∗(α) > 0. (3.62)

From (3.50) and (3.51) we get

Ȧ2
i

A3
i

= c−1
i τ−2−2αi [4α2

i + o(1)], (3.63)

as τ → +0. Note also that due to α /∈ M∗

αi < 1, i = 1, . . . , n. (3.64)

Let

δ = min
i
(1− αi) > 0. (3.65)

Then it follows from (3.63) that there exists τ1 > 0
such that

0 ≤ Ȧ2
i

A3
i

< τ−4+δ, (3.66)

for all τ < τ1 , i = 1, . . . , n . From (3.49) and (3.66) we
get

Ȧ2
i

A3
i

wR[g(i)](xi) ≥ −|Di|τ−4+δ (3.67)

for all xi ∈ Mi , τ < τ1 , i = 1, . . . , n , and hence

I2[g](τ, x) ≥ −Aτ−4+δ, (3.68)

for all τ < τ1 and x ∈ M1×. . .×Mn (A =
∑n

i=1 |Di|).
We get in a similar way from (3.50)

A−2
i = c−2

i τ−4αi [1 + o(1)], (3.69)

and consequently there exists τ2 > 0 such that

A−2
i < τ−4+δ (3.70)

for all τ < τ2 , i = 1, . . . , n . Using (3.48) and (3.70),
we obtain (similarly to (3.68))

I1[g](τ, x) ≥ −Bτ−4+δ (3.71)

for all τ < τ2 and x ∈ M1×. . .×Mn (B =
∑n

i=1 |Ci|).
It follows from (3.61), (3.68), (3.71) that

I[g](τ, x) ≥ τ−4[2Φ∗(α)−Gτ δ + o(1)]→ +∞ (3.72)

as τ → +0 (G = A + B ). This implies the relation
(3.56). The theorem is proved. •
Remark 5. When the relations (3.48) and (3.49) are
not imposed, the relation (3.56) is valid (at least) for
any (fixed) x ∈ M1 × . . .×Mn .

4. Spherically symmetric solutions with Ricci-
flat internal spaces

Now we apply the above results to the following scalar
vacuum solution [8]:

g = −fadt⊗ dt+ f b−1dR⊗ dR

+ f bR2dΩ2
d +

n∑
i=1

faiBig
(i), (4.1)

exp(2ϕ) = Bϕf
aϕ , (4.2)

defined on the manifold

M = (R0,+∞)× R × Sd ×M1 × . . .×Mn, (4.3)

where (Mi, g
(i)) are Ricci-flat internal spaces, dimMi =

Ni , i = 1, . . . , n , dΩ2
d is the canonical metric on a d -

dimensional sphere Sd (d ≥ 2) and f = f(R) =
1 − (R0/R)d−1 . Here R0, Bϕ, Bi > 0 are constants
and the parameters b, a, a1, . . . , an satisfy the relations

b = (1−a−
n∑

i=1

aiNi)/(d−1), (4.4)

(a+
n∑

i=1

aiNi)2 + (d−1)(a2+a2
ϕ+

n∑
i=1

a2
iNi) = d. (4.5)
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The solution (4.1)-(4.3) is a scalar-vacuum multispace
generalization of the Tangherlini solution [10]. In the
parametrization of the harmonic-type variable this so-
lution was presented earlier in [17, 14]. For aϕ = 0
see also [13, 14]. Some special cases were considered
earlier in [12] (for d = 2, aϕ = 0) and [11] (n = 1 and
d = 2).

The metric and scalar field from (4.1), (4.2) satisfy
the field equations

RMN [g] = ∂Mϕ∂Nϕ, (4.6)
�[g]ϕ = 0, (4.7)

corresponding to the action

S =
∫

dDx
√

|g|{R[g]− ∂Mϕ∂NϕgMN}. (4.8)

Now, we introduce the new variable

τ = τ(R) =
∫ R

R0

dx[f(x)](b−1)/2. (4.9)

The integral in (4.9) is convergent since due (4.4) and
(4.5)

b > −1. (4.10)

The map (4.9) defines a diffeomorphism from (R0,+∞)
to R+ . We consider the diffeomorphism

σ :M
′ −→ M, (4.11)

created by (4.9): σ(τ, t, . . .) = (R(τ), t, . . .), where

M
′
= R+ × R × Sd ×M1 × . . .×Mn. (4.12)

The substitution of (4.9) into (4.1) gives a metric on
the manifold (4.12) (the dragging of (4.1) by the map
(4.11))

σ∗g = dτ ⊗ dτ +A0(τ)g(0)

+
n∑

i=1

Ai(τ)g(i) −A−1(τ)dt⊗ dt, (4.13)

where g(0) = dΩ2
d and

Ai(τ) = [f(R(τ))]ai , (4.14)

A0(τ) = R2(τ)[f(R(τ))]b, (4.15)

i = −1, 1, . . . , n ; a−1 = a . From (4.9) and the asymp-
totical behaviour

f(R) ∼ (d− 1)
R0

(R−R0), as R → R0 (4.16)

we get

R−R0 ∼ (c∗τ)2/(b+1), f(R(τ)) ∼ c.τ
2/(b+1) (4.17)

as τ → +0, where c∗, c. are constants. From (4.17)
we get for the scale factors (4.14), (4.15) and the scalar
field the following asymptotical relations

Ai(τ) ∼ ciτ
2αi , (4.18)

A0(τ) ∼ c0R
2
0τ

2α0 , (4.19)
exp(2ϕ(τ)) ∼ cϕτ

2αϕ , (4.20)

as τ → +0, where ci, c0, cϕ are constants, and

αi = ai/(b+ 1), α0 = b/(b+ 1), (4.21)
αϕ = aϕ/(b+ 1), (4.22)

i = −1, 1, . . . , n . The parameters (4.21) and (4.22) are
correctly defined due to (4.10) and satisfy the Kasner-
like relations

n∑
ν=−1

Nναν = 1, (4.23)

n∑
ν=−1

Nνα
2
ν + α2

ϕ = 1. (4.24)

Here N−1 = 1 and N0 = d .
Now we consider the case αϕ = 0 (or equivalently

aϕ = 0). Let

M1 = {α = (α−1, . . . , αn)
= (. . . , 0, 1ν , 0, . . .), Nν = 1} ⊂ Rn+2, (4.25)

T = {a. = (a−1, a1, . . . , an)
= (. . . , 0, 1ν , 0, . . .), Nν = 1} ⊂ Rn+1. (4.26)

Evidently, M1 ⊂ E2 and T ⊂ E1 , where E1 ⊂ Rn+1

and E2 ⊂ Rn+2 are n -dimensional ellipsoids defined
by relations (4.5) and (4.23), (4.24), respectively. It is
not difficult to verify that the function α = α(a.) from
(4.21) defines the diffeomorphism E1 → E2 and

α(a.) ∈ M1 ⇐⇒ a. ∈ T . (4.27)

Proposition 5. Let σ∗g be the metric (4.13)-(4.15)
with the parameters (4.21), (4.22) satisfying the re-
lations (4.23), (4.24) and obeying the restrictions:
αϕ = 0, α = (α−1, . . . αn) /∈ M1 . Let the Ricci-
flat internal spaces (Mi, g

(i)), i = 1, . . . , n , satisfy the
self-boundness conditions (3.48). Then

I[σ∗g](τ, y)→ +∞, as τ → +0, (4.28)

uniformly on y ∈ R × Sd ×M1 × . . .×Mn .

Proof. We denote (M−1, g
(−1)) = (R,−dt ⊗ dt) and

(M0, g
(0)) = (Sd, dΩ2

d). Due to the assumption of the
proposition, the flatness of (−1)-space and the rela-
tions

I[g(0)] = 2d(d− 1) = 2R[g(0)], (4.29)

the conditions of the Theorem ((3.48), (3.49)) are sat-
isfied for all spaces (Mν , g

(ν)), ν = −1, . . . , n . All
scale factors Aν(τ), ν = −1, . . . , n , and their first and
second derivatives satisfy the Kasner-like asymptoti-
cal conditions of the theorem (see (3.50)-(3.52)). This
may be proved using the asymptotic relations (4.18),
(4.19) and (4.9). Thus Proposition 5 follows from the
Theorem. •

Using the equivalence (4.27) and the relation I[σ∗g](τ, y) =
I[g](R(τ), y), we can reformulate Proposition 5 for the
metric (4.1).



210 Vladimir D. Ivashchuk and Vitaly N. Melnikov

Proposition 6. Let g be the metric (4.1) with the pa-
rameters satisfying (4.4), (4.5) and aϕ = 0, (a, a1, . . . an) /∈
T (see (4.26)). Let the Ricci-flat internal spaces
(Mi, g

(i)), i = 1, . . . , n , satisfy the self-boundedness
conditions (3.48). Then

I[g](R, y)→ +∞, as R → R0, (4.30)

uniformly on y ∈ R × Sd ×M1 × . . .×Mn .

Remark 6. Due to (3.3), (4.29) and the flatness of the
t -space, I[g] does not depend on yj ∈ Mj , j = −1, 0.
Remark 7. From (4.6) we obtain

R[g] = gMN∂Mϕ∂Nϕ = a2
ϕf

−1−b(f ′)2 (4.31)

where f = f(r) = 1− (R0/r)d−1 . Using (4.31), (4.10)
and the relation

f ′ = (d− 1)Rd−1
0 r−d, (4.32)

we obtain for aϕ �= 0

R[g](r, y)→ +∞, as r → R0. (4.33)

4.1. Multitemporal generalization of the Tangherlini
solution

Now we consider a special case of the solution (4.1)-
(4.3) with n−1 one-dimensional internal spaces (extra
times). This solution, defined on the manifold

M = (R0,+∞)× Rn × Sd, (4.34)

reads:

g = −
n∑

i=1

faiBidt
i ⊗ dti + f b−1dR⊗ dR+ f bR2dΩ2

d,

(4.35)
exp(2ϕ) = Bϕf

aϕ , (4.36)

where f = f(R) = 1− (R0/R)d−1 and R0, Bϕ, Bi > 0
are constants; the parameters b, a1, . . . , an satisfy the
relations

b = (1−
n∑

i=1

ai)/(d− 1), (4.37)

(
n∑

i=1

ai)2 + (d− 1)(a2
ϕ +

n∑
i=1

a2
i ) = d. (4.38)

Let us consider the case aϕ = 0 [14]. The ”Tangher-
lini set” in this case (see (4.26))

T = {(1, 0, . . . , 0), . . . , (0, . . . , 0, 1)} ⊂ Rn. (4.39)

consists of n points. As shown in [14], a multitemporal
horizon takes place only for (a1, . . . , an) ∈ T . For
(a1, . . . , an) /∈ T we get from Proposition 6

I[g](R)→ +∞, as R → R0, (4.40)

i.e., the solution (4.35) describes a multitemporal
naked singularity. (The relation (4.40) was stated
previously in [14].) This singular solution is unsta-
ble under monopole perturbations: this follows from

the recent (more general) result of Bronnikov et al.
[18, 17, 16].

When aϕ �= 0, we get from (4.33)
R[g](r)→ +∞, as r → R0. (4.41)

It can be shown that in this case we also have a mul-
titemporal naked singularity. It should be also noted
that for the case n = 2 the multitemporal solutions
under consideration were recently generalized in [18]
to a more complicated model.
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