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GEOMETRIZATION OF PERFECT FLUID

IN 5-D KALUZA-KLEIN THEORY
S.S. Kokarev!

Yaroslavl State Pedagogical University

We give a general formulation of the problem of geometrization of matter by the scalar field ¢ = v/—G55 in the
context of the classical 5-dimensional Kaluza-Klein theory. A method of mathematical analysis of such geometrization

for the case of perfect fluid is proposed.

1. Introduction

When general relativity (GR) was built and the gravi-
tational interaction within its frame was geometrized,
Einstein himself considered this problem to be half
solved: the energy-momentum tensor, appearing in
the right-hand side of the field equations, in his view,
should have a geometric nature too [1].

Such a possibility naturally appears within the
frame of multidimensional geometric models of Kaluza-
Klein type. The first (5-dimensional) version of such a
theory was suggested by T.Kaluza in 1921 [2, 3]. The
extra components, represented by the “scalar” sector
of the multidimensional metric, have been used for a
number of purposes. In the present article the pos-
sibility of describing matter sources in terms of the
geometric scalar field ¢ = v/—G55 in the effective 4-D
space-time is analyzed. Such an approach is at present
worked out by Wesson and others (see References in
[7, 8, 9, 10]), but some aspects of this problem were
developed earlier by other authors [4, 5].

2. Statement of the problem

The starting point of our investigation are the vacuum
5-D Einstein equations, written in the form

1
"Rap — §GAB5R =0, (1)

where Rap and °R are, respectively, the 5-D Ricci
tensor and curvature scalar, corresponding to the met-
ric Gap, which in the 4-D presentation has the form

G — (Ak /N2 ALA, | (2VE/?)p?A,

Gap =

(2VE/P)p? A, ‘ —¢?
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The expression (2) for Gap can be derived by the
(144) splitting method applied to the 5-D manifold,
outlined in the monograph [5]. The “vector” sector
G5, is identified with the electromagnetic potential
vector: G, = (2vk/c?)p?A,,, thus allowing us to
treat the 5-D Kaluza-Klein model as a unified theory
of gravitational and electromagnetic interactions.

In identifying the metric of the 4-D space-time sec-
tion g,, with the observable 4-D metric g, , there is
a possibility of conformal transformations of the form

Guv = F(QO)QW, (3)

where F(p) is an arbitrary function of the scalar field.

To identify the multidimensional metric compo-
nents with and 4-D quantities it is necessary to impose
the following conditions:

O o .
ag“ = =0, (the cylindricity condition) (4)
T
and the restrictions on coordinate transformations
o' =220 2t 2?2, (5)
x' =2 4 (20,2t 22, 2®). (6)

Such transformations, on the one hand, conserve cylin-
dricity (4) and 4-D covariance of §,,, A, and ¢, and,
on the other hand, are general 4-D coordinate trans-
formations (5) and gauge transformations of vector po-
tentials A, (6).

The (144) splitting method allows one to split the
5-D Einstein equations (1) into ten 4-D Einstein equa-
tions

1 ~ D, em 1 ~
Ry = 50" B = @RI + (i G V),
(7)

four equations corresponding to the Maxwell ones

Frv 2P fon g (®)
4
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and the 15th equation that connects the gravitational where
and electromagnetic field invariants:
; k=—ke/ki; a=(p+e)/ky
4p . 2 25 paf —p— ka(V )2 _

Bt g bapt™ =0. ) p= L IVNO) ki( O _ e BV (16)
In (7)—(9) tilded quantities correspond to the original _
metric g, . c=—p/ki; k=—ks/ki; ki =1+2n#0;

Throughout the present paper, first, there is no ele- ko =—2n* —2n+1; k3 =3n>+ 3n.

ctromagnetic field (F),,, = 0), and, second, the confor-
mal factor in (3) is taken in the form

F(p) =™ (10)
where n is an arbitrary real constant. Then Eqgs. (7)
and (9), taking into account the conformal transforma-
tion (10), can be written in the form

1
4RMV - Eg;w4R = (142n)¢. 0 — (2”2+2n_1)¢7u¢ﬂ/

= g (1 +20) V20 + (0 + 1 +1)(Ve)?);  (11)
nV2¢ +n?(Ve)> —1/6°R =0, (12)

where ¢ =Ing. Egs. (8) are satisfied identically.

So, when all the above conditions are satisfied, the
vacuum Einstein equations (1) (after (1+4) splitting)
take the form of nonvacuum 4-D Einstein equations
(11), (12).

Let us assume now that we have some exact so-
lutions of 4-D nonvacuum Einstein equations with the
energy-momentum tensor of perfect fluid in their right-
hand side (k =1):

R, —1/2g,,R = (p+ e)uyuy — pguy = Tﬁd) (13)

If the scalar field ¢ and the constant n are such
that

(p+ E)u#ul/ — P9uv
= (1 20)6 — (20" + 20— 10,6,
= gu (14 20)V2 + (n* +n +1)(Ve)?)  (14)

and Eq.(12) is satisfied, then we can say that such

T,Ylﬁd) can be geometrized within the frame of the 5-D
Kaluza-Klein theory and that the 4-D metric gener-
ated by this source, has a 5-D origin. Below we shall
derive some restrictions on the geometry of the 4-D
space-time and matter motions, providing the validity
of Eq. (14).

3. Integrability conditions

Egs. (14) can be considered as a set of second-order
partial differential equations for the components of the
gradient ¢, , provided u,,e,p and g,, are known
functions. To analyze its integrability, it is convenient
to rewrite it in the following more general form:

Qs;u;y = k¢u¢l/ + au,uy + bg;u/ (15)

Eq. (15) can be derived from (14) with the aid of
the expression

V2 = —(1+2n)(Ve)?, (17)

which in turn follows from a linear combination of Eq.
(12) and Eq. (11) contracted with g, .

The integrability conditions for the set (15) consist
in the identical fulfilment of the relation

20,153 = Buad0 (18)

if in the left-hand side the expressions from the right-
hand side of (15) are inserted, with second-order co-
variant derivatives ¢,,,, replaced using (15) again. An
identical fulfilment of (18) is necessary for the existence
of a scalar field ¢ satisfying Eq. (14).

Omitting intermediate calculations, the conditions
(18) can be written in the form

Riwkﬁba = Uy (ul,a)\ - u/\a,,) + kauu (UA¢V - Uud)A)
+ (exgur — cwgur) + §1(PAGur — Pugur)
+ & (Urgpuw — UnGun) + a(Upatly — Uy un
+ up (Upn — Unyw)), (19)

where

& = 2k(k(Ve)? +b) — kb; & =2ka(Ve-@). (20)

4. Tetrad formalism

For the invariant form of the integrability condition
(15) it is convenient to pass over to a tetrad represen-
tation of all tensors. We choose the tetrad basis as the
Lorentz tetrad &, Z, ¢, Z. The first of these vectors can
be identified with the matter 4-velocity u:

g=lRI—TRT—§R— 20 Z. (21)

The curvature tensor 1,5, is presented in such a ba-
sis in the following form:

R/u/)\o' = a/lel_(ZgX)(\]g') 27] = 17_67 (22)

where X ,(]3 are simple bivectors which form a basis of
the 6-dimensional linear bivector space and are built
from the basis tetrad vectors:

1 2
X = 2upm,); X‘(‘Z) = 2U[uYu);
X;(w) = Q-T[pyu]; (23)
Xl(j)/) = QZ[HCC,,]; X,ﬁ, = 2y[uz,,].

XI(LBV) = QU[#Z,,] )
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The matrix a;; is symmetric and its elements are the
tetrad components of the curvature tensor, for example

Rul,)\gu“x’/u)‘xa = R(o)(1)(0)(1) =ay; etc.... (24)
The Einstein equations (13) in the tetrad form are

azs = a24; a14 = A36; Q26 = A15;

Q12 = —0s56; @13 = —046; 023 = —045;

—Q44 — G55 — A6 = €; Ae6 — A22 — A33 = P; (25)

as5 — @11 — a33 = P; Q44 — Q11 — G22 = P.

In the right-hand side of (19), all tensors can be
decomposed in a tetrad basis in the following way:

Vo = ol + p17 + dof + ¢37; (26)

Ve = ol + 617 + €27 + €37 (27)

T . -

Va— Pz G- P (28)
k‘l kl

Here p. = dp/de.
To decompose the covariant derivative of the vector
u,, , we use the known expression [5]:

0
Uy = F,uuu + Wy + Ouv — ghuua (29)

where

F, =wuy,u”
is the acceleration vector of a comoving frame of refer-
ence, F,u” =0;

Wiy = U] + Uk (30)

is the antisymmetric tensor of rotational velocity of the
reference frame, w,,u” = 0;

0
Oy = Uy — ULy + ghlw (31)

is the symmetric shear tensor (the traceless part of the
strain tensor) of the reference frame, o,,u” = 0;

0 =u,; (32)

is the stretch scalar of the reference frame (the trace
of the strain tensor);

hyw = uptty — G (33)

is the metric of a local 3-D space section, orthogonal
to uy .

The tensors of the reference frame F, w and o
are given in the chosen tetrad basis by the following
expressions:

F=R7+ Fj+ F7 (34)

Wy = w4XL(L4V) + W5X/g5) + wﬁXfﬁ,); (35)

v

Ouv = O'QYM(g) + O'3YH(S) — (0'2 + Ug)YPE;L)
+ O’SYH(?,) + Ugyﬂ(g) + UIOY;E;O) (36)
In the latter expression Yu(,i) is a diad basis of the 10-

dimensional linear space of symmetric tensors formed
by the basis vectors:

Y#(,E) = UyUy; YH(Z) =T,Ty;
4
Y =y Y = s
5 6
Yo = 2uuan; Vi) = 2u(); (37)

7 8
Vi =2z Vil = 220);

9
Y;w = Q-T(uzuﬁ }//L(V = 2y(uzu)-

The tensor h,, has the following form:
h=ZI+yRy+7Z® 7 (38)
The integrability conditions (19), rewritten in the
tetrad form, are invariant under 4-D general coordi-
nates transformations. The freedom in choosing tetrad
basis vectors is reduced to local space rotations of the
triad Z,%, 2 , and can be used to simplify the further

obtained equations (39). For maximum generality we
assume that the triad Z, ¥, 2z’ is arbitrarily oriented.

5. Integrability conditions in tetrad represen-
tation

Equating the scalar coefficients in (19) by similar com-
binations of basic vectors in the right-hand and in left-
hand sides, we get the following set of scalar equations,
equivalent to the original one (19):

a11¢1 + arg2 + a13¢3 = ex + Ap1 — f1;
aj2¢1 + aza¢2 + a3ds = ez + Apa — fo;
a13¢1 + az3¢2 + azzpz = e3 + Ad3 — f3;
a1401 + a2402 + azads = 2Wy;

a15¢1 + az502 + azsP3 = 2Ws;

a1691 + a2602 + azePs = 2W;

a11¢o + a1a¢2 — a15¢3 = Ay + S

a12¢0 + 402 — a25P3 = Ag + Wy;
a13¢0 + azsp2 — azsPs = Ag — Ws;
01400 + Q4402 — a4503 = pcea — 1¢Po;
a15¢0 + as5P2 — assP3z = —pees + £1¢3;
a16¢0 + as602 — asePz = 0;

a12¢0 — a14¢1 + a16P3 = Ag — Wy;
a22¢0 — 2401 + azePs = Az + S

assdo — azad1 + aseds = Ao + We;
(24P — A4401 + a46¢3 = —pee1 + £101;
a25¢0 — 4501 + asepz = 0;

az6Po — Aa691 + ageP3 = pee3 — £193;
a13¢ + a15¢1 — a1eP2 = Ag + Ws;
a3Po + agsP1 — agede = A9 — W;
a33Po + azsp1 — azepa = Ay + 5

a34Po + ass¢1 — ageP2 = 0;

assPo + assp1 — asePa = pee1 — {1915
asePo + asep1 — ageP2 = —pee2 + E1¢2.

(39)
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Here
ei =ik fi=aF; W;=aw; A; =ao;

A=6& —ka S= _k—pEEo + 10 + & — af/3. (40)
1

Egs. (39) connect a component of a curvature ten-
sor of the 4-D space and a characteristic of motion
of matter placed there. Besides, these relations are
additions to the Einstein equations (13). If the space-
time admits the identical fulfilment of Egs. (39) and the
scalar field satisfies Eq. (12), then this space-time has
a 5-D nature and 5-dimensionally geometrized matter.

6. Example: potential equation in the Fried-
mann flat cosmological model.

Suppose that the expansion ¢ , in basis tetrad vectors
has the following form:

¢;M = (bouu. (41)

This means that the vector field u, is orthogonal to
the hypersurface ¢ = const. For simplicity we restrict
our attention to the case of motion in the Friedmann
flat cosmological model:

ds* = dt? — M (da® + dy® + d2?). (42)
The nonzero components of the curvature tensor are
ai; = az = agz = A+ A%,
— a4 = —ass = —age = A (43)

The tetrad Einstein equations (25) take the following
form:

3\2=¢; —2\—3)\2=p. (44)
The 4-velocity u, has the following components:
Ug = 1, Ul = U2 = U3z = 0. (45)

Among the tensor characteristics of the frame of refer-
ence, nonzero is the only stretch coefficient

0 = 3. (46)
The integrability conditions (39) are reduced to just
a11¢0 =5. (47)

Taking into account that ¢g = gz'S7 uncovering the ab-
breviated designations by (20) and (40) and expressing
¢ from the Einstein equations (44), the condition (47)
can be put in the form

md? + G322 = 1) = %) — usAk =0, (48)
where
p1 = k(k+2k);  po =3(2k/k1 +pok/k1);  (49)

Hn3 = 2(3p5 - 1)/k1

and the equation of state is taken in the following form:
D = p.€, Pe = const. (50)
Eq. (12), which in metric (42) takes the form
¢+3Mp+ (1+2n)¢* =0, (51)
has the following first integral:

6—3)\

IR vy

(52)

where C is a constant of integration, whence the gen-
eral solution can be easily obtained:

=1 +12n In(C + (1 + 2n)/e‘3’\dt) +C (53)

With the substitution of ¢ from (52) to (48), the ex-
pression in the left-hand must identically vanish.

The Einstein equations for the chosen class of equa-
tions of state (50) can be easily integrated:

(1+p6) 2

2 3 —
A:{;———mvu+%n+cm P> 15y
C()t, Pe = 71

For p. = —1 (p+ ¢ = 0), omitting all intermediate
calculations, we obtain that (47) is identically satisfied
for n =1,—2. In this case ¢ = Cyt. The case p. =1
(p = €) will be considered in item (3) of the Con-
clusion. For p. # 41 we obtain the following square
equation for the conformal transformation index n:

ain? +oan+ as =0, (55)
where
oy = 27p? + 63p? + 33p. + 5; (56)

g = 18p? + 24p. — 10.

Its solution is

_ 3pe(oc—1)— (30 +1)
- 2Bp-+1)

o=+l (57)

For dust (p. = 0) we have n = 1, —2, for radiation
(pe=1/3) n=0, —1.

The corresponding 5-D vacuum metrics, which in
all cases can be obtained by the inverse conformal
transformation, are of only two types:

dT? = d? — da® — dy?® — d=2 — 1(da®)?; (58)
1
dI3 = di* — t(de” + dy? +d=%) = S(da®)?  (59)

Its connections with the above 4-D metrics are shown
in the table:
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pe=—-1| p.=0 ps:1/3
()| n=1 |n==-2| n=-1
2| n=-2] n=1 n=20

The cases with n = 1 have been considered in
[11, 12], the variant with n = 0 has been analyzed
in Wesson’s work [7] .

7. Conclusion

Completing our account, we would like to make some
remarks:

1. The approach proposed here can be called “4-
dimensional”, because the 4-D metric and energy-
momentum tensor are given. From the integrability
conditions the scalar field ¢ and the index n can
be found, or, which is the same, one can find 5-D
vacuum space-time which geometrizes the previously
given matter. As an example of another approach,
a “b-dimensional” one, we can consider Wesson’s ap-
proach, where a known 5-D vacuum solution is used.
The 5-D Einstein equations are split into parts: the
4-D Einstein tensor and a combination of derivatives of
the scalar field, which is claimed to represent an effec-
tive energy-momentum tensor of induced matter. The
type of this tensor is in this approach, in general, arbi-
trary. In both [8, 9], the obtained energy-momentum
tensor is anisotropic. All investigations in Wesson’s
group are carried out under n = 0. The use of the con-
formal transformation alleviates the statement made
in [10]: there is no rigid necessity to introduce the 5th
coordinate into the metric to obtain the equation of
state for effective matter other than radiation-like.

2. The problem of matter geometrization in Kaluza-
Klein theory has many formal analogues with the
known problem of isometric embedding of a 4-D Rie-
mannian space into flat space of greater dimension [6].

3. The restriction on the index n # —1/2 involves
the fact that in this case the second-order derivatives
of the scalar field in Egs. (14) disappear. Egs. (14)
became algebraic with respect to the gradient ¢, and
the integrability conditions become

¢/,L,D - va,,u = 07

where ¢,, is algebraically expressed in terms of u,, p
and e. In this example the peculiar case p. =1 (p =

¢) is realized, namely, for n = —1/2 from both 5-D
metrics (58,59).

4. Cosmological models of open and closed types have
been considered under n = 1 in [5](p.230-234) from
the viewpoint of a “5-dimensional” approach.

References
[1] A. Einstein, “Physic and Reality”, Nauka, Moscow,
1974 (in Russian), p. 159.

[2] T. Kaluza, Sitzungsber. d. Berl. Akad., 1921, S. 966—
971.

[3] Yu.S. Vladimirov, “Space-Time: Explicit and Hidden
Dimensions”, Nauka, Moscow, 1989 (In Russian).

[4] E. Schmutzer, Exp. Techn, Phys. 28 (1980), 395-402,
499-508; 29 (1981), 129-136, 337-341, 463—480.

[5] Yu.S. Vladimirov, “Frames of Reference in Gravitation
Theory”, Energoizdat, Moscow, 1982 (in Russian).

[6] L.P. Eisenhart, “Riemannian Geometry”, IIL, 1948 (in
Russian).

[7] P.S. Wesson, Astroph. J. 394 (1992), 19-24.
[8] P.S. Wesson, Astroph. J. 420 (1994), L49-L52.
[9] P.S. Wesson, Phys. Lett. B 276 (1992), 299-302.

[10] P.S. Wesson, J. Ponce de Leon, P. Lim and H. Liu,
Int. J. of Mod. Phys. D 2 (1993), No. 2, 163-170.

[11] S.S. Kokarev, Izv. VUZov, Fizika, 1995, No. 1, p. 111-
117 (in Russian).

[12] S.S. Kokarev, in:  Abstracts of the School-
Seminar “Multidimensional Gravity and Cosmology”,
Yaroslavl, 1994, p.19.



