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We investigate the solutions to Einstein field equations in a (4 + n)-dimensional spacetime generated by a multi-
component perfect fluid, assuming the existence of a compact and Ricci-flat internal space. We study the qualitative
behaviour of solutions, using techniques from dynamical system theory. In this way we obtain information on the
expansion of the models, the energy density and the time variation of the gravitational “constant”, which in this the-
ory has its own dynamics generated by the extra dimensions. Finally, exact solutions corresponding to the invariant
rays of the system are obtained in arbitrary dimensions.

1. Introduction

Multidimensional cosmology has since long ago at-
tracted the attention of cosmologists, who were stimu-
lated initially mainly by the Kaluza-Klein theory [1, 2]
and more recently by superstring models [3]. Along
with studying some particular multidimensional mod-
els, a very extensive work was done to investigate
general multidimensional cosmological and spherically
symmetric models on the basis of exact solutions [4].
In these papers, classical and quantum systems with
an arbitrary number of external spaces and different
matter sources were analyzed and observational win-
dows to extra dimensions, such as possible variations
of the Newton and Coulomb laws, were studied.

The idea that the Universe we live in can be rep-
resented as a 4-dimensional hypersurface embedded in
a (4 + n)-spacetime manifold has actually different
versions. In particular, we could mention the one put
forward by Wesson, who has developed an embedding
scheme in which the Friedmann-Robertson-Walker-
Lemâıtre cosmology can be entirely obtained in a
rather simple and elegant way from (4+1)-dimensional
Ricci-flat spacetimes [5]. A further generalization of
this theory to arbitrary dimension with applications
to multidimensional cosmology and lower-dimensional
gravity was later carried out by Rippl et al. [6]. More
general exact solutions for multidimensional and mul-
ticomponent models were found and studied in [4, 11].

In addition to the role multidimensional theories
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might play in providing a theoretical framework in
which the most fundamental laws of physics appear to
be unified, another motivation comes from a conjecture
— originally proposed by Dirac [7] — regarding a time
variation of Newton’s gravitational constant G . In-
deed, this idea, which was to be taken seriously by su-
perstring theory and recent inflationary models, is also
present in the context of multidimensional cosmology
where G is considered not as a fundamental constant
of Nature, but as a cosmological function depending
on the geometry of an “internal space” [8, 10, 11].
Among several attempts to construct gravity the-

ories with varying G , are the Brans-Dicke theory [9]
and theories with a conformal scalar field [10], where
the strength of the gravitational force is determined
by a scalar field. Here we find again the same idea
underlying the connection between higher dimensions
and time variation of G , since it can be shown that
n -dimensional Kaluza-Klein models reduce to Brans-
Dicke vacuum models with ω = 0.
In this paper we consider, as in [4, 11] , a (4 + n)-

spacetime manifold defined by the topological product
M4+n = R×M3

k ×Kn , where M3
k is a 3-dimensional

space of constant curvature (i.e., M3
k = S

3, R3, L3 ac-
cording to k = +1, 0, −1, respectively), and Kn

is an n -dimensional Ricci-flat manifold. We also as-
sume that this spacetime is generated by a (4 + n)-
dimensional multicomponent perfect fluid.
Now, it turns out that the field equations for the

special case k = 0 may be reduced to a second-order
autonomous homogeneous system. This system con-
tains some free parameters, one of them being n (the
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internal space dimension) and the others come from the
equations of state of the multicomponent fluid. How-
ever, restricting ourselves to “dust-like” matter, we are
left with n as the only parameter of the system. Then,
we construct a phase diagram of the system to obtain
a general picture of the solutions. As a by-product,
we also obtain analytical solutions to the equations for
arbitrary values of n .

2. Field equations

The gravitational field equations in (4+n)-dimensional
gravity are postulated to be

(4+n)Rµν = κ2

(
(4+n)Tµν − gµν

T

(n+ 2)

)
, (1)

where all the geometric quantities are defined in (4+n)
dimensions and κ2 is the generalized Einstein constant
[11]. We take the metric tensor to be given by the line
element

ds2 = dt2 − R2(t)(3)gij(xk)dxidxj

− b2(t)(n)gpq(yr)dypdyq, (2)

where i, j, k = 1, 2, 3; p, q, r = 4, ..., n + 3; (3)gij ,
(n)gpq , R(t) and b(t) are, respectively, the metrics
and scale factors for (3)Mk and Kn . The (4 + n)-
dimensional energy-momentum tensor for a multicom-
ponent perfect fluid is taken to be

Tµ
ν = diag (�(t),−p3(t)δij ,−pn(t)δmn ). (3)

From (2) and (3) the Einstein equations become:

3
R̈

R
+ n
b̈

b
=

κ2

n+ 2
(−(n+ 1)�− 3p3 − npn) , (4)

2k
R2

+
R̈

R
+ n
Ṙ

R

ḃ

b
+ 2
Ṙ2

R2

=
κ2

n+ 2
(�+ (n− 1)p3 − npn) , (5)

b̈

b
+ (n− 1) ḃ

2

b2
+ 3
Ṙ

R

ḃ

b
=

κ2

n+ 2
(�− 3p3 + 2pn). (6)

At this point it is worthwhile mentioning the way by
which higher-dimensional gravity theories of this type
can be naturally related to their 4-dimensional coun-
terparts with varying G [11]. This is simply done
by integrating the (4 + n)-dimensional energy density
over the Kn compact space and equating the result
to (4)�(t), thereby defining the energy density in the
4-dimensional space-time:

(4)�(t) =
∫

Kn

dyn
√

(n)gbn(t)�(t) = �(t)bn(t), (7)

where
√

(n)g is the determinant of (n)gpq . It is conve-
nient to “normalize” the scale factor b(t) by imposing

the condition
∫

Kn

√
(n)gdyn = 1. Thus, in order to get

the equations of 4-dimensional gravity we put

8πG(t)
[
(4)�(t)

]
= κ2�(t). (8)

This procedure leads us to the definition of an effec-
tive gravitational “constant” G(t) given by 8πG(t) =
κ2b−n(t). In this way the time variation of G is di-
rectly related to the time variation of the internal space
scale factor b(t) by

Ġ

G
= −nḃ

b
. (9)

Clearly for n = 0 the Friedmann cosmology in ordinary
4-dimensional spacetime is recovered.

3. The dynamical system and phase portraits

In this section we let M3
k = R

3 and assume that the
multicomponent fluid satisfies the equations of state
p3 = pn = 0, i.e., we assume that the matter behaves
as a (n + 4)-dimensional ‘dust’. Then, letting x =
3Ṙ/R and y = ḃ/b , Eqs. (4)–(6) become

ẋ+
x2

3
+ nẏ + ẏ2 = −n+ 1

n+ 2
κ2� (10)

ẋ+ x2 +Nxy =
3κ2�

n+ 2
(11)

and

ẏ + ny2 + xy =
κ2�

n+ 2
. (12)

Eliminating � from these equations results in

ẋ =
1

2(n+ 2)
[−2(n+ 1)x2

+ 2n(1− n)xy + 3n(n− 1)y2] (13)

and1

ẏ =
1

2(n+ 2)

[
2x2

3
− 4xy − n(n+ 5)y2

]
. (14)

Defined in this way, x can be interpreted as the usual
cosmological expansion of the 4-dimensional observable
Universe, while y is a measure of the variation of the
gravitational constant G or, equivalently, the expan-
sion of the compact space Kn (see Eq. (9) ). The above
set of equations represents a homogeneous autonomous
second-order dynamical system. To carry out an anal-
ysis of this system, we first note that, as the system is
homogeneous, the origin of the phase space x = y = 0
corresponds to an equilibrium point (in fact, an iso-
lated equilibrium point) [12]. Physically, this point

1It is of course possible to absorb the factor 1/[2(n + 2)]
defining a new time dτ = 2(n+2)dt . However, nothing is gained
by this in terms of simplicity.



Multidimensional Cosmology and Time Variation of G: a Dynamical System Approach 279

Figure 1: Phase portrait of the solution for n > 1.

represents nothing else but the flat Minkowski space-
time of General Relativity, with � = 0.

In order to construct a phase diagram of a homoge-
neous dynamical system we first determine the invari-
ant rays of the system [12] by introducing polar co-
ordinates in the phase plane: x = r cos θ, y = r sin θ.
In these coordinates a general homogeneous dynamical
system of order m of the form

ẋ = Xm(x, y), ẏ = Ym(x, y)

transforms into

ṙ = rmZ(θ), θ̇ = rm−1N(θ),

where the functions Z(θ) and N(θ) are given by

Z(θ) = Ym(cos θ, sin θ) sin θ +Xm(cos θ, sin θ) cos θ
(15)

N(θ) = Ym(cos θ, sin θ) cos θ −Xm(cos θ, sin θ) sin θ.
(16)

Then, the invariant rays of the system are obtained by
solving the equation N(θ) = 0. Clearly, in the phase
plane they will be depicted as straight semi-lines start-
ing from the origin, and it is not difficult to see that
if they do exist, then they are automatically solutions
for the dynamical system [12]. In our case m = 2 and
a straightforward calculation leads to

Z(θ) =
1

2(n+2)

[
−n(n+5) sin3 θ

+ (3n2−3n−4) sin2 θ cos θ

Figure 2: Phase portrait for n = 1

+ (2n−2n2+
2
3
) sin θ cos2 θ

− 2(n+1) cos3 θ
]
, (17)

N(θ) =
1

2(n+2)

[
−3n(n−1) sin3 θ

+ n(n−7) sin2 θ cos θ

+ 2(n− 1) cos2 θ sin θ + 2
3
cos3 θ

]
. (18)

Here let us make some comments. First, we should
point out that the dynamical system (13)-(14) is not
defined for n = 0, since in this case we would not have
Eq. (6). If n = 1, then the solutions of the equation
N(θ) = 0 yield six invariant rays which correspond to
the angles θi = ±π/2 and arctan(±1/3), with i =
1, ..., 6 (see Fig. 1). For an arbitrary n > 1 we can put
Eq. (18) in the following factorized form:

N(θ) =
cos3 θ
2n+4

{(
1
3−a

)
[3n(n−1)a2 + 6na+ 2]} (19)

where we have defined a = tan θ . Then, for n > 1
we have again six invariant rays, now corresponding to
the angles θi = arctan ai , with

a0 =
1
3
, a± =

1
n− 1

(
−1±

√
1
3

(
1 +

2
n

))
.

The knowledge of the invariant rays, as well as the an-
alytic expressions for the functions N(θ) and Z(θ), al-
low us to draw separately the phase diagrams of Figs. 1
and 2 for the two cases n = 1 and n > 1 (for details see
the Appendix). These diagrams show the behaviour of
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all solutions to Eqs. (13)–(14) which make up our dy-
namical system. Each curve corresponds to a specific
cosmological model satisfying the field equations (12)–
(13), the origin representing the Minkowski space-time
M . In order to know the behaviour of the solutions
at infinity, we employed a method due to Poincaré,
consisting in projecting the phase plane onto a plane
circle [16]. In this compactified phase plane the points
at infinity correspond to points located at the border
of the circle, the directions of the invariant rays being
unaffected by the transformation (see the Appendix).

4. The physical picture

Let us begin our analysis considering n > 1, and leave
the comments on the case n = 1 to the end of this sec-
tion. In Fig. 1 we have a typical diagram for arbitrary
n > 1. First we note that the invariant rays divide
the phase plane into six topologically distinct regions
(or sectors) A, B,..., F. Each of these regions contains
an infinite number of solutions which represent cosmo-
logical models with different physical properties. The
arrows on the curves are to be interpreted as the time
evolution of the corresponding models.

Since there is no closed curve in the phase plane, we
can conclude that all models are singular (the expan-
sion parameter x tends to infinity either in the past, or
in the future), some of them starting from a big bang
(x → +∞), while others collapsing to a big crunch
(x → −∞). In this sense the solutions represented
by the invariant rays exhibit the same behaviour. It
would be rather tedious to describe exhaustively the
time evolution of the models corresponding to all the
curves of the phase diagram. So, we will pick up some
illustrative cases, although the complete information
about all solutions is provided by the phase portrait.

To begin with, let us consider the solution repre-
sented by the invariant ray depicted in Fig. 1 as the
semi-line I+ . This curve clearly describes a universe
starting from a big bang (x = +∞) and evolving to-
wards the Minkowski spacetime (depicted in the di-
agram as the fixed point M located at the origin) .
Since y > 0 along this trajectory, we see that, as time
goes by, the gravitational constant G decreases. This
is in agreement with the known hypothesis by Dirac,
who postulated, inspired by a different reasoning ( the
large numbers conjecture), that the Newtonian gravi-
tational constant should decrease as the Universe ex-
pands [7].

A similar analysis shows us that the invariant ray
II+ corresponds to an expanding universe starting
from a big bang and tending to Minkowski space-time.
Since y is negative in this anti-Dirac universe, the
gravitational constant G increases with cosmic time.

The invariant rays I+ and II+ enclose an infinite
class of solutions all lying within the region A. A typ-

ical solution of this class describes an expanding and
singular universe undergoing a transition from an in-
creasing G (anti-Dirac ) era to one with decreasing G
(the Dirac phase).
Quite a different situation arises when one examines

the solution corresponding to the invariant ray III+ .
Here we observe an initially static universe (x = 0)
entering an expansion regime with the increasing grav-
itational constant.
At this point it is interesting to note that one

might look alternatively at the dynamics of the mod-
els corresponding to II+ and III+ as describing the
usual cosmic expansion taking place in ordinary 4-
dimensionality (here expressed by the variable x) fol-
lowed by a contraction of the internal n-dimensional
space (represented here by y ). Sector B, which is
delimited by II+ and III+ , contains only solutions
which do not approach Minkowski space-time, neither
in the future nor in the past. On the other hand,
the solutions lying in Sector F, all tend to M and
start their trajectories as contracting universes, slow-
ing down and entering an expansion era. In this class of
models the gravitational constant is an ever decreasing
function of the cosmic time.
We shall not carry out a detailed analysis of the so-

lutions lying in Sectors D and E, as these describe only
contracting universes, ipso facto not being physically
relevant. (As we shall see later, in Section 6, Sectors
E and B both represent classes of solutions with neg-
ative energy density.) In Sector C a typical universe
comes from Minkowski spacetime in the past and has
a contraction era followed by further expansion.
In the case n = 1 (see Fig. 2) the physical picture

is very similar. However, now, as two of the invariant
rays, namely, III+ and III− lie exactly on the y
axis, they represent vacuum flat solutions with a time-
varying G . (In fact, an identical configuration has
been already found in the context of the Brans-Dicke
theory by Romero and Barros [13]). An alternative
way to look at these solutions is to consider them as a
topological product of a static Minkowski spacetime by
a time-dependent (expanding or contracting) compact
internal space.

5. Exact solutions of the field equations

Often the knowledge of the invariant rays present in a
homogeneous dynamical system, is helpful in obtaining
exact analytic solutions of the system. In that case, the
problem of finding the solutions corresponding to the
invariant rays reduces to solving an algebraic equation
one order higher than the system itself. In our par-
ticular case we will have to solve a cubic polynomial
equation, whose roots are nothing more than the al-
ready known tangents ai of the arcs defined by the
invariant rays.
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Let us express the equations of the invariant rays
simply by y = ax , where clearly a generically denotes
ai . Now, putting this into Eqs. (13)–(14), we get

ẋ =
x2

2(n+2)
[−2(n+1) + 2n(1−n)a+ 3n(n−1)a2]

(20)

ẏ = aẋ =
x2

2(n+2)
[
2
3 − 4a− n(n+5)a2] . (21)

The condition for (20) and (21) to be consistent is the
algebraic equation

3n(n−1)a3 + n(7−n)a2 + 2(1−n)a− 2
3 = 0 (22)

which is, in fact, equivalent to Eq. (18). Again, we have
to consider two cases: (a) n > 1 and (b) n = 1.

(a) If n > 1, then the roots of (24) are given by

a0 =
1
3
, a± =

1
n− 1

[
−1±

√
1
3
(1 +

2
n
)

]
.

Now, going back to Eq. (13) and putting y = ax , with
a = a0, a± , we get, respectively:

ẋ = γx2 (23)

where γ = γ0, γ± and

γ0 = −(n+ 3)/6, (24)
γ± = −(1 + na±). (25)

These last equations can be immediately integrated to
give R(t) and b(t). Then, corresponding to the three
values of a = a0, a± , we have, respectively (after suit-
able coordinate transformations):

R(t) ∼ t−1/(3γ0) = R0t
2/(n+3), (26)

b(t) ∼ [R(t)]3a0 = b0t2/(n+3), (27)
R(t) ∼ t−1/(3γ±) = R0t

−1/[3(1+na±)], (28)
b(t) ∼ [R(t)]3a± = b0ta±/(1+na±), (29)

where R0 and b0 are constants.

(b) If n = 1, then the Eq. (24) has two solutions,
namely, a = ±1/3. Naturally, these solutions corre-
spond to the invariant rays defined by θi = arctan(±1/3)
in Section 3. The third solution, corresponding to the
other invariant rays, θi = ±π/2, can be obtained di-
rectly from the dynamical system (Eqs. (13)–(14)) just
by putting n = 1 and x = 0. This procedure leads us
back to the static solution mentioned earlier in section
4:

R(t) = const, (30)
b(t) = b0t. (31)

The other solutions are:

R(t) = R0t
1/3, (32)

b(t) = b0t1/3, (33)

and

R(t) = R0t
1/3, (34)

b(t) = b0t−1/3. (35)

We conclude this section by noting that Eqs. (26)–
(35) actually represent six distinct pairs of solutions
R(t), b(t) , each being singular at t = 0. Indeed,
after integrating (25) we obtain (apart from a constant
of integration which can be further eliminated by a
coordinate transformation)

x = −1/(γt), (36)

which has in fact to be understood as representing
different solutions (for the same γ ) according to t ∈
(−∞, 0) or t ∈ (0, +∞). In the phase diagrams these
twofold degeneracy is reflected by the presence of dis-
tinct solutions (including the equilibrium point M ) all
lying on the same line y = ax . Finally, we should
mention that, if n = 0 in (28), we recover Friedmann’s
solution for a dust-filled universe.

6. Energy density

So far we have not been concerned with the energy
density predicted by the models. A brief glance at the
field equations shows us that � must be given by

� =
1
6κ2

[
2x2 + 3n(n− 1)y2 + 6nxy] . (37)

If n > 1, the above equation, however, can be put into
the factorized form

� =
1
6κ2

(y − a+x)(y − a−x), (38)

with a± defined in Section 5. This last equation allows
us to draw the following conclusions:

(i) For n > 1 we verify that the solutions lying on the
invariant rays corresponding to a± , are vacuum
solutions.

(ii) All solutions lying in the sectors B and F, are non-
physical (in the sense that they have negative en-
ergy, which is classically forbidden). Incidentally,
these are the only solutions which never tend to
Minkowski spacetime, neither in the past, nor in
the future.

(iii) Solutions lying on the invariant ray correspond-
ing to a0 have positive energy density for an ar-
bitrary value of n > 1. This can be easily ver-
ified by computing � for this case, as we have
� = x2/(36κ2)

[
2n2 + n+ 12

]
.

All the properties mentioned above are illustrated
in Fig. 3 2.

2One could argue that it is not exactly � , but (4)� , the
physical quantity which would be actually measured. However,
from Eq. (7) we see that all that has been said in this section of
� is also true for (4)� .
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Figure 3: Energy density diagram for n > 1

For n = 1 the same procedure leads to the picture
displayed by Fig. 4.

7. Conclusions

The idea that the Newtonian constant of gravitation G
could indeed vary with time on a cosmic scale, which
seems to have ocurred first to Dirac, in 1938, is far from
being supported by current experimental data. Recent
results [14], based on Solar-system experiments, tend
to indicate an upper limit given by |Ġ/G| < 10−12 to
any possible variation of G . Yet even this rather strin-
gent condition has not prevented cosmologists from
speculating and investigating what theoretical conse-
quences such hypothesis lead to (for a list of references
on past and recent works see [8, 9, 11, 15]). Among
other attempts to insert G in gravity theories as a
scalar field (e.g., Brans-Dicke-Jordan theories), is the
Multidimensional Cosmology approach [11] described
in Section 2. The fact that in this scheme the field
equations plus some symmetry assumptions may be
tractable by mathematical techniques of the dynami-
cal system theory led us to obtain a whole spectrum
of cosmic configurations where the matter of the Uni-
verse is regarded as a multicomponent perfect fluid in
higher dimensions. It turns out that in this scheme
some solutions exhibit nonphysical behaviour (at least
from a classical standpoint). However, other solutions
seem not to be in contradiction with generally accepted
and standard models of the Universe, as they mani-
fest properties such as cosmic expansion and the exis-
tence of an initial singularity. Also, in some of these

Figure 4: Energy density diagram for n = 1

expanding solutions the gravitational constant G de-
creases with time, a property which may justify calling
them Dirac universes (we detect the presence of anti-
Dirac models as well). Evidently, it was not our aim
here to provide a quantitative discussion of the solu-
tions, even the more physically relevant ones, trying to
square them with the present observational and exper-
imental data. Rather, our interest in this paper was
actually to call the attention of theorists to the ex-
tremely rich scenario which arises when one allows for
higher dimensions and the varying gravitational con-
stant hypothesis.

Appendix

In order to construct the phase diagrams corresponding
to Figs. 1 and 2, all we need is to calculate the values
of the functions N l(θ) and Z(θ) at θ = θi , where θi is
an invariant ray and the superscript l refers to the first
non-vanishing derivative evaluated at θi [12]. Since the
system is quadratic, the phase portraits are symmetric
under plane reflections (x → −x , y → −y ), although
the time orientation of the curves must be reversed in
this operation. Such a property means that our analy-
sis should be carried out in the neighbourhood of just
three of the six invariant rays. Then, let us summarize
the results which come from straightforward calcula-
tions.
For both cases n > 1 and n = 1, we obtain the

following:
l = 1, N1(θ1) < 0, N1(θ2) < 0, N1(θ3) > 0,

Z(θ1) < 0, Z(θ2) < 0, and Z(θ3) > 0, where for the
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case n > 1 the invariant rays are: θ1 = arctan(1/3),
θ2 = arctan a+ , θ3 = arctan a− , whereas for the case
n = 1, θ1 = arctan(+1/3), θ2 = arctan(−1/3) and
θ3 = −π/2. With these results we can classify for
arbitrary values of n the invariant rays θ1 and θ2 as
being of type (β ), while θ3 is of type (α) [12]. From
this classification we are led to the diagrams displayed
in Figs. 1 and 2.

To carry out the Poincaré compactification of the
phase plane, we perform the transformations of vari-
ables u = y/x and z = 1/x . Then, starting from
the Eqs. (20) and (21), we end up with the dynamical
system:

du

dτ
=

1
2(n+2)

[
( 13−u)

(
3n(n−1)u2 + 6nu+ 2

)]
(39)

du

dτ
=

z

2(n+2)
[
2(n+1) + 2n(n−1)u+ 3n(1−n)u2

]
,

(40)

where z dτ = dt . The equilibrium points of the dynam-
ical system in the plane uz are: (1/3, 0), (u±, 0),
with u± = a± . A simple analysis of the topological
nature of these points reveals that they correspond to
a saddle point and two nodes (unstable and stable),
respectively [16].
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