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The efficiency of the alternion linearization as a general line of attacking the quadratic nonlinearity entering into
Fedorov’s set of equations is demonstrated by the example of finding a power series expansion of its general solution.

F.I. Fedorov’s set of 1st order partial differential
equations with a quadratic non-linearity

s∑
k=1

Ak
∂
−→
B

∂xk
= −→
C0 + C1

−→
B +−→

B ∗C2
−→
B (1)

(where −→
B ∗= (B1, . . . , Bn) ; Ak (k = 1, s) and C1 are

square n -by-n numerical matrices, C2 is a cubic n -by-
n -by-n numerical matrix, and −→

C0 is an n -dimensional
numerical column vector) provide a unified mathemat-
ical basis for describing all types of fundamental inter-
actions. In particular, this formalism was developed
as applied to the metric and tetrad formulations of the
gravitation theory. New formulations of supersymme-
try and supergravity theories were given using the uni-
fied field formalism in Refs. [1]–[5].

We shall apply the alternion (spinor) linearization
to determine the power series expansion coefficients for
the general solution of the set (1). This linearization
is a consistent evolution and generalization of Dirac’s
idea of factorizing the d’Alembert operator.

The general solution of (1) is sought in the form

−→
B (x) =

∞∑
‖α‖=0

−→γαx
α, (2)

where x = (x1, . . . , xs) , α = (α1, . . . , αs) , ‖α‖ =
α1 + α2 + · · · + αs , xα = xα1

1 xα2
2 . . . xαs

s . Substitut-
ing (2) into (1) and comparing the vector coefficients
of similar terms, we obtain an infinite set of quadratic
equations. If, starting with some index β , ‖β‖ ≥ N ,
one puts −→γ

β
equal to 0, then to determine the coef-

ficients −→γ
α
, ‖α‖ < N , one obtains a set of quadratic

equations with the number of equations equal to the
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number of unknowns. If, starting from the subset cor-
responding to the largest of the indices α , we solve it
in a sequential manner, we shall find the sought vector
coefficients.

Thus, to present the general solution of the set (1)
as a power series and to determine its solutions in the
case of a zero left-hand side, (Bi = const, i = 1, n)
it is required to solve a set of n quadratic algebraic
equations in n unknowns, called a Riccati algebraic
system. The latter has the form

2Ri ≡ aijkxjxk + bimxm + ai0 = 0,
i, j, k,m = 1, n. (3)

Further we shall deal with this type of system.
In solving the Riccati algebraic system we follow

the alternion method proposed by S. Pshenichnikov [6].
This method allows one to construct a system of lin-
ear algebraic equations equivalent to a given quadratic
equation in terms of the equation itself. The case de-
scribed by Pshenichnikov corresponds to a Riccati al-
gebraic system possessing a finite number of solutions.
In this paper it will be obtained as a special case of a
general theory to be presented here.

The alternion theory founded by B. Rosenfeld and
developed by G. Zaitsev is a basis for the method to be
applied. According to Rosenfeld, an alternion algebra
of order n and index q qAn is a real algebra of rank
2n−1 with the generators 1, e1, . . . , en−1 obeying the
multiplication rule eiej = −ejei , e2i = εi , where for
arbitrary q values of the subscripts i , εi = 1 and
εi = −1 otherwise.

The generator 1 denotes the unity element of the al-
gebra A1 . This algebra represents the field of real
numbers;

A2 with the generators 1, e1, (e1)2 = −1 is isomor-
phic to the field of complex numbers;
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the algebra 1A2 with the generators 1, e1, (e1)2 = 1
may be regarded as the algebra of binary numbers;

A3 with the generators 1, e1, e2 and the basis ele-
ments e1e2 = e2e1 , (e1)2 = (e2)2 = (−1), (e1e2)2 =
(−1) is isomorphic to the field of quaternions;
1A3 and 2A3 are isomorphic to the antiquaternion
(pseudoquaternion) algebra.

Let us give a general definition.

Definition 1. An associative algebra qA2n+1 with 2n
generators eα related by the law

eα1eα2 + eα2eα1 = 2εα1δα1α2e, α = 1, 2n,
(4)

where e is the neutral element of the algebra, eα1 are
all equal to e in q cases and to (−e) in the other
(2n− q) cases, is called an alternion algebra.

We shall write αi for the elements whose square
is e ; and βi for those whose square is (−e). That is,
α2

i = e , β2
i = (−e). Alternion algebras having an odd

number of generators are not considered since they are
subalgebras of the corresponding algebras with an even
number of generators. If all εα = e , then the algebra
is a Clifford algebra. If one considers algebras not over
the field of real numbers but over the field of com-
plex numbers or quaternions, then alternion algebras
with different q are isomorphic to the Clifford algebra.
Therefore, qA2n+1 over the field of real numbers are
called real forms of the Clifford algebra. By definition,
the algebra Bn = nA2n+1, with

ε1 = ε2 = . . . = εn = e,

εn+1 = εn+2 = . . . = ε2n = (−e)
is considered as a normal real form of the complex
Clifford algebra (it is also known as the basis algebra of
real spinors). The other real forms can be obtained by
replacing some normal form generators eα by (eα)′ =
(ieα).

The application of alternion algebra for solving a
set of algebraic equations is based on some facts pre-
sented here without proof.

Theorem 1. An alternion algebra with an even number
of generators is a simple algebra (that is, it does not
contain any non-vanishing two-sided ideals other than
this algebra itself).

Theorem 2. All exact irreducible representations of a
simple algebra are equivalent.

Theorem 3. The algebra qA2n+1 is isomorphic to the
algebra

(1) of real square matrices of order 2n if

p = (−1)(n−q+1)(n−q)/2 = 1;

(2) of quaternion square matrices of order 2n−1 if

p = −1.

It follows that the basis algebra of real spinors Bn

(the one to be dealt with in this paper) is isomorphic to
the algebra of real square matrices of order 2n . There
exists a special representation of Bn with −1, 1 and 0
as matrix elements [7]. The existence of these matri-
ces can be proved by induction. Symmetric matrices
correspond to αi and antisymmetric ones to βi (to be
denoted Sk

i and Ak
i , respectively; the matrix Sk

0 is
auxiliary, i = 1, 2(n−1) ; the identity matrix E corre-
sponds to the algebra unity e). Let n = 1. Then

S1
1 =

(
0 1
1 0

)
, A1

1 =
(

0 −1
1 0

)
,

S1
0 = S1

1A
1
1.

For n = 2

S2
1 =

(
S1

1 0
0 S1

1

)
, S2

2 =
(

0 S1
0

S1
0 0

)
,

A2
1 =

(
A1

1 0
0 A1

1

)
, A2

2 =
(

0 −S1
0

S1
0 0

)
,

S2
0 = S2

1S
2
2A

2
1A

2
2 and so on.

At the n -th step of induction

Sn
k =

(
Sn−1

k 0
0 Sn−1

k

)
,

Sn
k+1 =

(
0 Sn−1

0

Sn−1
0 0

)
,

An
k =

(
An−1

k 0
0 An−1

k

)
,

An
k+1 =

(
0 −Sn−1

0

Sn−1
0 0

)
,

k = 1, 2, . . . , n− 1,
Sn

0 = Sn
1 S

n
2 . . . S

n
nA

n
1A

n
2 . . . A

n
n.

To illustrate the application of alternion algebra to
linearization of (3), we first consider the special case of
a quadratic form

2Ri ≡ ai1x
2
1 + ai2x

2
2 + · · ·

− aijx
2
j − . . .+ ainx

2
n + ai0. (5)

Let us associate with (5) the expression, linear in xi ,

Di ≡
(
α1

√
ai1x1 + α2

√
ai2x2 + · · ·

+βj
√
aijxj + · · · + αn

√
ainxn + α0

√
ai0

)
.

Raising Di to the 2nd power using the alternion mul-
tiplication rules (4), we obtain (Di)2 = 2Rie (or in
matrix notations (Di)2 = 2RiE ). However, if (5) con-
tained terms of the form aijkxjxk , the alternions intro-
duced above (they are also called unipotent alternions)
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would give no way to linearize the expression consid-
ered.

Let us introduce another type of alternions with
the following multiplication rule [6]:

ωt1
p1
ωt2

p2
+ ωt2

p2
ωt1

p1
= εt1δ

t1t2 δ̃p1p2e, (6)

where δ̃p1p2 is an inverse Kronecker delta ( δ̃p1p2 =
1 − δp1p2 ); the subscripts take the values 1 and 2.
Alternions of this type are called nilpotent. It is pos-
sible to unite them with unipotent alternions (4) into
a unified algebra and to unify the multiplication rules
by

eiω
t
p + ωt

pei = 0. (7)

Nilpotent alternions may be expressed in terms of
unipotent ones and hence they also have a special ma-
trix representation. Using nilpotent alternions, let us
associate the expression (aijkxjxk − aimnxmxn) with

ω1
1aijkxj + ω1

2xk + ω2
1aimnxm + ω2

2xn, (8)

where ω1
1 = 1√

2
(α1 + β1), ω1

2 = 1√
2
(α1 + β2), ω2

1 =
1√
2
(α2+β3), and ω2

2 = 1√
2
(α3+β3). Some explanation

for (8) is needed. If εt1 = e , then the equality of
superscripts t of the nilpotent alternions entails the
equality of elements αi in (8). If εt = −e , then the
elements ωt

1 and ωt
2 have the same element βj in this

formula. To make sure that

(ω1
1aijkxj + ω1

2xk + ω2
1aimnxm + ω2

2xn)2

= (aijkxjxk − aimnxmxn)e.

we use (4), (6), (7).
So, we have demonstrated the fact that it is possi-

ble to ”take a square root” of the left-hand side of a
quadratic equation through the use of alternions. Let
us now perform an alternion linearization of (3). It is
convenient to put this system in the form

2Ri ≡ x1(ai11x1 + ai12x2 + · · ·+ ai1nxn + bi1)
+ x2(ai22x2 + ai23x3 + · · ·+ ai2nxn + bi2)
+ · · ·
+ xn(ainnxn + bin) + ai0 = 0, i = 1, n (9)

for this procedure. Let us associate each equation of
the set (9) with the following matrix equation, linear
in the variables to be found:

Di
−→Φi ≡ (ω1i

1 x1 + ω1i
2 (ai11x1 + · · ·+ bi1)

+ ω2i
1 x2 + ω2i

2 (ai22x2 + · · ·+ bi2)
+ · · ·
+ ωni

1 xn + ωni
2 (ainnxn + bin)

+ ei
√
ai0)×−→Φi = 0, i = 1, n. (10)

Here ei are the generators of the algebra (4); ωki
j , j =

1, 2, are the generators of the algebra (6). The index

k corresponds to a summand number in the i-th equa-
tion of (9). Consider the alternions involved in (10) as
the generators of some unified algebra of nilpotent and
unipotent alternions. The number of these generators
is determined by a specific form of the system. We need
a sufficient number of generators to ”split” all the vari-
able containing terms in the i-th equation, i = 1, n ,
and to “take square roots” of the constant terms. The
number of generators does not exceed 3n2 + n . −→Φi

is an undetermined m -dimensional numerical column
vector where m is the order of the matrix representa-
tion of the alternions. Suppose that −→Φi 	≡ 0.

Theorem 4. Every solution to the set (10) is a solution
to the original set (9). The inverse is also true.

To prove this assertion we multiply the i-th equa-
tion of (10) by the corresponding Di . Since −→Φi 	≡
0, then det (Di)

2 is necessarily zero. We multiply
Di by Di term by term. By construction (Di)2 =
2RiE(m) . Then

det (Di)
2 =

(
2Ri

)m
. (11)

Let (x1, . . . , xn) be a solution of (10) (that is, the
determinant detDi is zero at these xk ). It follows
that 2Ri = 0, i.e. each solution of (10) is a solution
of (9). By virtue of (11) the inverse is valid too. •

Let us try to elucidate the manner in which column
vectors −→Φi are related to each other. By construction

DiDj +DjDi = 0. (12)

Multiply the i-th equation of (10) by Dj and the j -
th one by Di . Using (12) and adding the obtained
equations, we write down the following equation with
respect to the new column vector

(−→Φi −−→Φj

)

DjDi

(−→Φi −−→Φj

)
= 0.

If the set (10) possesses a solution (or, which is the
same, the set (9) possesses a solution), then det (DjDi) =

0 and
(−→Φi −−→Φj

)
=

−−−→
U (ij) ,

−−−→
U (ij) 	≡ 0, where

−−−→
U (ij) is

some column vector. With no loss of generality we can
assume that −→Φj , j = 2, n , differ from −→Φ 1 ≡ −→Φ by a

vector
−−→
U (j) , j = 2, n . Then (10) takes the form



D1
−→Φ = 0

D2

(−→Φ +
−−→
U (2)

)
= 0

. . . . . . . . . . . . . . . . . . .

Dn

(−→Φ +
−−→
U (n)

)
= 0

,

or, in new variables,

Λ



x1

−→Φ
x2

−→Φ
...

xn
−→Φ


 =




0

−D2

−−→
U (2)

...

−Dn

−−→
U (n)


 +



Q1

−→Φ
Q2

−→Φ
...

Qn
−→Φ


 , (13)
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where

Qi = − (
ω1i

2 bi1 + ω2i
2 bi2 + . . .+ ωni

2 bin + ei
√
ai0

)
,

i = 1, n . The matrix Λ is a square nm -by-nm matrix
constructed of the coefficients by the quadratic terms
of the original set and the corresponding alternion al-
gebra generators. Therefore, Λ is always invertible.
Let Λ−1 = ‖λki‖k,i=1,n , where λki are square m -by-m

matrices, λki = ‖µ(ki)
qj ‖q,j=1,m . Multiplying Eq. (13)

by Λ−1 , we obtain


x1

−→Φ
...

xn
−→Φ


 =



−∑n

i=2 λ1iDi

−−→
U (i)

...

−∑n
i=2 λniDi

−−→
U (i)


 +



C1

−→Φ
...

Cn
−→Φ




(14)

where the column vector




C1
−→Φ
...

Cn
−→Φ


 has been ob-

tained as a result of multiplying




Q1
−→Φ
...

Qn
−→Φ


 by Λ−1 .

Let us recast (14) as



Ex1 − C1 λ12 . . . λ1n

Ex2 − C2 λ22 . . . λ2n

...
...

. . .
...

Exn − Cn λ2n . . . λnn







−→Φ
D2

−−→
U (2)

...

Dn

−−→
U (n)


 = 0.

(15)

Since (15) possesses a nonzero solution (at least, −→Φ 	≡
0),∣∣∣∣∣∣∣∣

Ex1 − C1 λ12 . . . λ1n

Ex2 − C2 λ22 . . . λ2n

. . . . . . . . . . . . . . . . . . . . . . . . . .
Exn − Cn λ2n . . . λnn

∣∣∣∣∣∣∣∣
= 0. (16)

Expanding this determinant, we obtain a single equa-
tion of high degree specifying the (n×(m−1))-dimensional
manifold of solutions. All the solutions of the original
set belong to this manifold. If it turns out that all
the correction terms

−−→
U (j) , j = 2, n , are zero, Eq. (16)

transforms into a set of n equations of the form

(Exi − Ci)
−→Φ = 0, i = 1, n. (17)

That is, we deal with n eigenvalue problems with the
sought solutions as eigenvalues and the same eigenvec-
tor −→Φ for all the eigenvalue problems. If one imposes
the additional restriction on −→Φ ,
−→Φ ∗−→Φ = 1,

then one needs to solve only one of the problems (since
xj = −→Φ ∗Cj

−→Φ ). Thus, the problem of building an or-
dered sample of n solutions turns out to be solved too.

The set (17) corresponds to the case of a finite number
of solutions of the Ricatti-type system. This case was
described in [6]. Here it was obtained as a special case
of (16), which covers all solutions of (3).

We have demonstrated the capabilities of the al-
ternion linearization as a general approach to the non-
linearity appearing in Fedorov’s equations system. It
is also applicable to other problems connected with
Fedorov’s set of equations (for example, the Cauchy
problem).
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