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The Noether conservative current, corresponding to the invariance of the action of a gravity-matter system under
local Lorentz transformations, can be interpreted as the angular-momentum tensor of the system. The existence
of superpotentials, expressed solely in terms of a tetrad, make the total current identically conserved and the total
angular momentum gauge-covariant. Two examples are given. Quadrupole radiation, which is exactly that derived
from the Landau-Lifshitz energy-momentum pseudotensor, is also obtained.

1. Introduction

The construction of generally covariant conservation
laws has been one of the fundamental problems in
general relativity [1]. One of the present authors
(Duan) has succesfully obtained a generally covariant
energy-momentum tensor of gravity-matter systems
by means of Noether’s theorem and the general dis-
placment transformation [2]. The expression has some
advantages, overcoming the difficulties possessed by
other kinds of expressions [3]. The angular momen-
tum (AM) conservation law in general relativity has
been discussed by some authors. In [4], the AM of
a gravity-matter system is given in terms of a pseu-
dotensor instead of a tensor. The same difficulties exist
n [5-6]. A. Komar [7] first suggested that some inte-
grals defined in terms of Killing fields be interpreted as
the gravitational field energy or AM. These integrals
can be used to analyze only symmetric space-times.
For those which are not symmetric but asymptotically
symmetric at null infinity, there are some integrals
called linkages which can also be interpreted physi-
cally [8]. But the resulting definitions involve some
ambiguities and lack adequate useful inequalities, as
pointed out in [1]. Recently J. Chevalier [9] presented
an expression of the AM conservation law, such that
the total AM depends on the tetrad, i. e., is gauge-
dependent, hence this theory cannot be called satis-
factory.

In this paper, we will show that in a general space-
time there exist Noether conservative currents corre-
sponding to local Lorentz invariance, whose charges
can be interpreted as the components of the system
angular momentum . This AM conservation law has
some advantages over those aforesaid. First, for an iso-
lated system, it does not require the spacetime to be
symmetric in any way. Second, it takes the form of the
usual Noether current and possesses a superpotential
which is directly expressed in terms of a tetrad. This
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definition is local and the quadrupole radiation is ex-
actly that derived from the Landau-Lifshitz pseudoten-
sor. Third, the charges carry tetrad indices and do not
depend on the choice of the Riemann coordinates. The
whole theory is generally covariant. Fourth, the total
AM is gauge- covariant, i.e., it is independent of the
tetrad choice.

In Section 2 we present the derivation of the conser-
vation law. In Section 3 we apply our conservation law
to Kerr spacetime and Fock’s approximate solution. In
Section 4 we derive the radiation formula. Some dis-
cussions are presented in Section 5.

2. Generally covariant angular momentum
conservation law

It is known that in deriving the generally covariant con-
servation law of energy-momentum in general relativity
[2], the general displacement transformation, which is
a generalization of the displacement transfomation in
Minkowski spacetime, was used. In a local Lorentz ref-
erence frame, the general displacement transformation
takes the same form as that in Minkowski spacetime.
This implies that generally covariant conservation laws
correspond to the invariance of the action under local
transformations. We may conjecture that, since the
angular momentum conservation law in special rela-
tivity corresponds to the invariance of the action un-
der the Lorentz transformation, the generally covariant
AM conservation law in general relativity can be ob-
tained using the local Lorentz invariance. In this paper
we will show that this conjecture is reasonable.

In general relativity the total action of the gravity-
matter system is expressed as [10]

I= / zd%:/ (Ly+ Loy)d*z, (1)
M M

4
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(0%
ter Lagrangian and G is the Newton gravitatinal con-

stant. Further on we use the tetrad description and

our notations are as follows: e, are the tetrad compo-

. . _ b _
nents and ef are their inverse, g,, = nabeZey, Nap =

(1,-1,—-1,—1), wyuap are the spin connections defined
by

a — a
D,el = 0,e;,

where I'), are the Christoffel symbols, £, is the mat-

— Wpap€l — Ffwe‘i =0 (3)

Wabe = €HWupe ,Wa = nbcwbac, It can be proved that

4
c
_ D D az/ bD D 4
L, e e(DyerD, e eaDsep); (4)
c* A
Ly = Lo = Tora™ )
C4 cba
L, = m(waw — Wabew™); (6)
A = 0u(ee™d ey — ee,d,e™), (7)
where
D€l = el — wpave?, e=v-g (®)

and A is a divergence term.
The local Lorentz transformation of tetrads takes
the following form:
ep(r) — e = A"y(z)e" (),
NabA” C(x)Ab a(®) = Nea- 9)
It is required that L,, be invariant under (9) and L,

is obviously invariant. Thus £ is invariant under the
transformation (9), i.e.,

[Lleydeq + [L]gade™
oL oL
+9,(

30, T 5,57

where [L]ev and [L]4a are the Euler expressions de-
fined as

a

o) = (10)

Lt = 5o~ b ez (1)
L)ps = aa(; aﬂaifw. (12)
Using the Einstein equation [£].» =0, i.e.,
[Loler + [Lmler =0,
and the matter equation of motion
[£]pa =0, (13)

by (10) we obtain the following:
oL, oL, OLm .4
9 Sev M 5eV _—_=m _5 —
O (88,“35 €i) + O (aaﬂeg ‘0t 95,017 ) =0
(14)
where we have used the fact that only £,, contains the

matter field ¢4(A = 1,..., N). Consider an infinitesi-
mal local Lorentz transformation

Ay (x) = 6"y + (), Qap = =, (15)

and from (9) we have
Set(z) = agp(z)ett (). (16)

Suppose that L, takes the form

Ly = Lon(el, ¢?, D,o™), (17)

»*’s belonging to some representation of the Lorentz
group with the generators I, (a,=0,1,2,3), I, =
—1Iyq; D, is the covariant derivative

u(bA ud) 7_‘*} ab(Iab) B¢B~ (18)

Then under the transformation (9), ¢ transforms as

¢*(z) — ¢ (2) = [D(a)] o” (2). (19)

D(a) can be linearized near the identity when oy, are
infinitesimal:

1(Iab)A pa®(x). (20)

=64
B B+2

[D(a))
Thus under the transformation (9), ¢ varies as

(L) 6P (@)a™ (x). (21)

0 (w) = 5

Now we introduce J 51; such that

3[ 9L, Ly,

et = ” Weﬁa“b + N ey a®
0L,
m 1 Ia A ab /B 22
+ 88N¢A 2( b) BQ ¢ ( )
Then (14) can be written in the form
3c? OA
Ha®) — =0, (z2—0de") = 0. 2
Ou(edlya) 1671'Ga“(68ueg er)=0 (23)
From (7) one can get
0A
Gy m = 0" (Vi) (24
where
Vit = ef'en, — el (25)
Substituting (24) into (23), we obtain
u _ab 303 ab v
Ou(edga) — mau[a 9y (V)] =0, (26)
i. e,
m ab o 303 Vi ab __
Ou(edly)a + |eJh, — m&,(eVab )} 0™ = 0.(27)

Since a4, and 6uoﬂb are mutually independent, we

must have
6u(lel‘b) =0 (28)
3 3
Tl = SV (29)

167TG ab >
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or
0o 3c3

el
s

Since V;/* is an antisymmetric tensor with respect
to the indices p and v , this means that J* is con-
served identically. As usual , we call V)" superpoten-
tials. Since the current J* is derived from the local
Lorentz invariance of the total Lagrangian, it can be
interpreted as the angular momentum tensor density
of the gravity-matter system. From (25) and (29) we
see that the current J of gravity-matter system is
entirely determined by the tetrad, quite similarly to
the theory of the energy-momentum conservation law
in general relativity [2]. The reason is that all informa-
tions about the state of motion of the whole gravity-
matter system is contained in the tetrad due to the
Einstein equations.

For a globally hyperbolic Riemannian manifold M ,
there exist Cauchy surfaces 3, foliating M . We choose
a submanifold D of M joining any two Cauchy sur-
faces ¥, and X, , so the boundary 0D of D consists
of three parts X, , ¥y, and A which is at spatial in-
finity. For an isolated system, the space-time should
be asymptotically flat at spatial infinity, so the tetrad
has the following asymptotic behavior [11]:

lim (0,eq, — Oveqy) = 0. (31)

Wa€) 4+ wapel — wpell — wpa ‘el).  (30)

Since
po __ 1 b
eVly = 5" eapcacyiey, (32)
we have

lim V, VA = 0. (33)

T—00

Thus by the identity
/ V,JHed*s =0 (34)
D
we get the conservative angular momentum .J,;
Jop = / JfbedZM (35)
3¢

where edX,, is the covariant surface element of the
Cauchy surface and 3, d¥,, = (1/3!)eupapda” Adz™ A
dz”. The expression (35) for J,, can be simplified
using the Gauss theorem

38

Jap =
"7 16mG oy,

eVidds; (36)

where ds; = (1/2))eqijrda? A da®, i, j,k =1,2,3 and
0Y; is the boundary of ¥; which is at spatial infinity.
We also have the following expression:

_ 3c3
321G Jox,

Jab eV ds,, (37)

where ds;,, = %ewagdxa A dzP . If we introduce

Fab 303
a 167G 9%,

e“oo‘ﬂege%dsu, (38)

then

1 -

Jab - aeabchCd (39)
It is seen from (38) that the total angular momentum
is entirely determined by the asymptotic behavior of
the tetrad up to the order 1/r? at spatial infinity.

Now let us discuss the gravitational radiation of
angular momentum. Consider a subspace o of 3,
choosing ¢ to be time-independent. The identity

/ V,Jhed s =0 (40)
implies

/ao(nge)d?’x: —/&(J;be)d?’x: —/ Jieds;,

o o do
(41)

i. e.,

QJ (o) = fc/ Jieds; (42)

8t ab - . ab 7-

This states that the AM decrease of the system con-
tained in o is equal to the AM flux through Jo, de-
scribing the gravitational radiation of AM.

Next we show that J,; is gauge-covariant. Note
that any physical solution of an isolated system must
be asymptotically flat, i.e., must satisfy (31). Consider
another choice of the tetrad e (x) which also satisfies
(31) and is related to ef; by the local Lorentz transfor-
mation

e = A" b(a:)eZ(x)

Therefore at the spatial infinity 0% there exist inertial
coordinate frames X® and X'® such that at 0% the
following relations hold:

i) = 2D, (13)
la _ 8X/a (.’L’)

According to special relativity [4], any two inertial co-
ordinate frames are connected by a Lorentz transfor-
mation. Hence we have

X! (x) = By + A Xy () (45)

where B, and A,? are constants. On the other hand,
from

0X'(x) Ozt
a b _ _
Ay (2)e, (x) = B and e} (z) 5X0
it follows
oxX'e
Ay = —— 4
b= Sxt (46)

so we have

Agp = Ay = const. (47)

Thus it is easy to show that
= Ay CAL g
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3. Kerr space-time and many-body systems

First we would like to discuss the Kerr space-time
which has the following asymptotic behavior at spatial
infinity [12]:

2 2
ds? = (1 — Tm)c%ltz —(1+ Tm)(dx2+dy2+dz2)

cacdydt — ydxdt

+ 4ma 3

where m = GM/c?, ma = GJ/c3, M is the mass
of the spherical source body and J is its spin angular
momentum. We can get the following tetrad satisfying
(31):

egop = c\/[1——, e33=
r

2may 2mazx

e = ——(/——F—, e = —F—,
s T-2m)r s 1= 2m)r
) 4m2a21y?
g 2m,  Amiaty?
r r%(1—2m/r)

s 2m N 4m2a?x?
22 = ro r8(1—=2m/r)

€11

To calculate J,p, we need to know only the behavior
of e,y up to 1/r? when r — oco:

m m
€opp = C l1—-—— —
( r r2 )
2may 2mazx
€01 = — 3 €02 = PR
m  m?
€11 26222633:1+7—r—2- (48)

From (48) and (38) we get

703 3¢ 008 .0 3

J = oG ey epx,rdQ
7T T—00
33

3
= T6rC /THOO 2masin® Odp = mgc =J,
JO1 _ j02 _ j12 _ J13 _ j23 _
that is,
Jig = J, Jor = Jo2 = Joz = Ji13 = Joz = 0.

This result convinces us that .J,; is indeed the angular
momentum of the Kerr gravity-matter system.

The discussion of gravititional radiation of AM is
quite simple. Since the tetrad is time-independent,

du(eJb) = di(ed?) = 0.

The Gauss theorem with the integral region ¥; — o
gives

/ Ji eds; / J! eds; (49)
do [o)N

where o contains the spinning body. To study the AM
radiation, it is necessary to know only the asymptotic

behavior of J! e at spatial infinity up to 1/r?. From
(25), (29) and (32) we have

3¢3
Jho— 2¢
“ab = 3007

which shows that only the behavior of e, up to 1/r
is relevant and Eq. (48) gives

M e 1eady (e;eg) (50)

eoo = ¢(1 —m/r),

€1 = eg2 =0,

€11 = egp =e33 =1+m/r. (51)
Subtituting (51) into (50), we get

5 3micty

elly = —elin = TG v
3m2ct
el = ells =~ Yoo i
3m3ct z
eliy = eliy = 167G rt’

Since the surface element is proportional to r? at spa-
tial infinity, (49) implies

2Jab(cr) = —c/ Jopeds; = —c/ Jopeds; = 0.  (52)
ot Oo 0%

So there is no gravitational radiation of angular mo-
mentum from the Kerr system, in agreement with the
results of other theories [11].

Next we will discuss a many-body system. The cor-
responding Einstein equations have approximate solu-
tions [4]. Suppose that the mass center is at rest, then
we have the following approximate solution to the or-

der 1/r?:

w1/ AGM  TGPMP\ L, 2G@IMj;
g0 (14 AOM TGN 2000
c C?r cir2 c3r3
. G2 M2zighk
" = b+ ——5
cAr

where M is the total mass of the bodies, M;; is their
total mechanical orbital angular momentum tensor and

g = +/—gg"”. Then g,, are
1 26M 2G2M2) 2G27 M;;
= C —_ _— i =
goo 2y Az ) 9o 2,3
°0GM  GEM?_ G2M?
gik = Oiw(~1 = =5 13~ v (53)
From (53) we get the following tetrad up to 1/r%:
(1 GM n GQMQ) 2G I M7?
e = C _— —),€0i = — 5=,
00 c2r 242 1770 c2r3
G2 M? oo
Cij = Wﬂfi%‘ (i#7),
GM G*M?
€11 = ey =e33 =1+ W W (54)

Substituting (53) into (37), we get the total angular
momentum of the the many-body system:

Ji2 = Mo, Jiz = M3,
Jog = Mog, Jor = Jo2 = Joz = 0. (55)

Thus we see that our AM conservation law is rea-
sonable.



Generally Covariant Conservative Angular Momentum and its Radiation in General Relativity 323

4. Quadrupole radiation of angular momen-
tum

As in the derivation of the gravitational radiation of
energy, we consider the weak field at a large distance
from the source bodies. The familiar expansion of the
metric has the form g,, = N + hpw, |huw| < 1.
To the first order of h a solution to the Einstein
equations

)

167G
Oy = ———F1 (56)

oA
with the coordinate condition
au¢5 =0, (57)

where ¢, = hyy — 217Wh h = h“ has the well-known
retarded potential form

4G [T (', t

¢W,(I',t) = _0_4 — |I' —r ‘/C) d3I'/. (58)

v —r'|

For large r = |r|, we have approximately

4G (AN
¢uu(rat) = _E /T;u/(rlvt - E)d r'. (59)
The spatial components ¢;; (4,7,k,... = 1,2,3) can
be further expressed as
2G 9? 3
$ij(r,t) =~ 55 /Pfﬂ/ﬂ}d r’ (60)

For later use, we now derive some useful relations
for the derivatives of ¢, . To the first order in 1/r,

i.e., the first order in A, , we have
1. xt
ai¢;u/ = E(b;u/n% n; = 7 (61)
where a dots stand for a time derivative. From the
coordinate condition (57) we have
0 i Lo
0 ¢0V =—0 qbiu = _E(b'wn . (62)
Egs. (61) and (62) taken together give
0 L.
0 boo = —2@0” (63)
Thus we have
0 1., 1.
0" ¢oo = E¢ijn n’,  ¢oo = E¢jkn3n n',
) 1. . 1.
9'boj = —E%knznk, 8o = _E¢jknk7
. 1.
61¢jk = Zqﬁjknl. (64)

All these relations hold to the first order.
The expansion for the tetrad is supposed to be

1 1
e M:nau+§fwv eg:ég—ifau~ (65)

A relation between hy, and f,q is easily obtained:

h;w = %(f/_w + fl/,u)' (66>

The first order of the tetrad gauge condition V ,w* 45 =
0 ensures that

f/u/ = fz/u- (67)

Using the relations

Wabe — Whac = elbL Z(a €ue — 8ue;w)7 (68)
wa = —n et e (D ey — Dpepc). (69)

It can be directly calculated that to the second order

Wab "— Wha b= %{abha B — 8ahb m

— %[hﬁ a(abhﬁ H— aghb “) + h® b(é)aha H— 8aha “)
+ huc(abhac - aahbc)} }a (70)

waeé‘ = 1(5{:{8ah — 8chac — % [hﬁ(@dh — achdc)
+ h(Oghae — Oghac)] } — Thi(Oah — OchE).  (T1)
Since the radiation should be proportional to G, it
is evident from (30) that only the second-order part of
J;, contributes to the radiation since it contains G2,
while the first-order part contains G, to be cancelled
by G in the common constant factor. A practical eval-

uation may also prove this point. Hence we need only
the second-order part of J;,, which we call K/,

3G3

=~ g { #(00L — 0e6}) + S050i0c0
+ 1006}, — 60,05 + 5,6(0a05 — 0a5)
~ 16100} — (a = b). (72)

Using the relations (64), we can obtain the following:

K;kni = 64 G {¢l (¢lnk - Qﬁﬂl)nz

+ $)(=din'm, — di)ni + 36hn(SpgnPning + Fm)
+ Lodining — didhnen; + dhdipnPrgn

+ 1k [65 (DpgnPnnj + djin') + G5(—PipnPn;

+ djpnPny) + ¢ (—dnPn—¢h) + ¢L(Phn,—dhny))
— Loim(Gpan?nin; + )} = (G o k) (73)

Making use of the integrals

1 1
yp /nmde = —3ij (74)
1 1
e NGRS = 1_5(77jk77lm+77jl77km+77jm77kl)7
(75)
we have
d 20 o
Ton = (Dl Dy — D! Dyyy) (76)

dt 45¢3
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where D;; is the usual quadrupole moment

D;; = /p(Smixj — nijxp:cp)d?’x, (77)
or

d l 1 Imn d 2G Imn 7~ 2

M = g = g Pnlone - (78)

This is exactly what is given in [10].

5. Discussion

To conclude this paper, we make some remarks. First.
The conservative currents J', apply to both open and
closed systems, while the corresponding conservative
angular momentum J,; applies only to closed systems
satisfying the boundary condition (31), which is similar
to that used in Ashtekar’s self-dual formalism of gen-
eral relativity [13]. Since the current J depends on
the tetrad, it is natural that it is not gauge covariant,
and this seems inevitable for conservation laws in gen-
eral relativity. However, for a closed system, the space-
time at spatial infinity is, according to Eq. (31), flat,
thus the conservative angular-momentum J,;, should
be a non-scalar covariant object under Lorentz trans-
formations (47) at spatial infinity, just as in special rel-
ativity where the angular momentum is a tensor rather
than a scalar. To understand this, the key point is that
in order to obtain J,; one has to treat the whole sys-
tem as a point at rest, so that each point of the space-
time at spatial infinity belongs to the same Minkowski
space-time. This means that in general relativity, for a
closed system, the total angular momentum J,;, must
be a Lorentz tensor like that in special relativity. On
the other hand, the covariance of Jg; is very similar to
that of the conservative energy-momentum in [2]. So
it is quite comprehensible.

Second. Omne can obtain Eq.(28) immediately,
starting directly from Egs. (25) and (29). But they are
based on the SO(1,3) invariance of the system and
the Noether theorem. So the quantity J,; has a direct
physical interpretation of the angular momentum. It
is nothing more than a conservative quantity of the
dynamical system of Einstein’s gravity. If one starts
simply from Egs. (25) and (29), it is hard to interpret
the corresponding J,, physically. Furthermore, the
conservative energy-momentum has superpotentials
[2]. The existence of superpotentials for conservation
laws in general relativity seems to be a very general
feature (e.g., the Landau-Lifshitz definition [10], the
Einstein-Tolman definition of energy-momentum [14],
etc.). From the energy-momentum and AM conserva-
tion laws we came to know that the currents can also
be obtained from the Noether theorem.

It is true that one can construct an arbitrary anti-
symmetric tensor playing the role of a superpotential,
but the resulting conservative quantities lack physical
interpretation.

Third. In the metric formalism, the Lagrangian
has the conventional form, Eq.(2). In the tetrad for-
malism, the Lagrangian can be reduced to £, because

A is a total divergence which does not affect the equa-
tions of motion. Some other authors also take L, as
a Lagrangian (e.g., [15]).

Fourth. The above two applications may be called
simple but they are typical, since the second one con-
tains many bodies and this is a very general case. A
theoretical application of our theory is contained in our
paper [16].

Last. In general, J,; are geometric conserved quan-
tities in pseudo-Riemannian geometry. From (12) and
(13) we know that the currents do have physical mean-
ing only when the tetrad satisfies the Einstein equa-
tions.
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